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�§ãç îâáï âà¨ ¬­®¦¥áâ¢  á¯¥æ¨ «ì­ëå ¬®­®â®­­ëå ¡ã«¥¢ëå
äã­ªæ¨© ®â n ¯¥à¥¬¥­­ëå: ®¤­® ¬­®¦¥áâ¢® ¯à¨ ç¥â­®¬ n ¨ ¤¢  ¬­®-
¦¥áâ¢  ¯à¨ ­¥ç¥â­®¬ n. �â¨ ¬­®¦¥áâ¢  å à ªâ¥à¨§ãîâáï â¥¬, çâ®
­¨¦­¨¥ ¥¤¨­¨æë «î¡®© äã­ªæ¨¨ ¨§ ®¤­®£® ¬­®¦¥áâ¢  à á¯®« £ îâáï
­  âà¥å ä¨ªá¨à®¢ ­­ëå á®á¥¤­¨å á«®ïå n-¬¥à­®£® ¥¤¨­¨ç­®£® ªã¡ 
¨ ã¤®¢«¥â¢®àïîâ ­¥ª®â®àë¬ ¤®¯®«­¨â¥«ì­ë¬ ®£à ­¨ç¥­¨ï¬. � å®-
¤ïâáï  á¨¬¯â®â¨ª¨ ¤«ï ç¨á«  â ª¨å äã­ªæ¨© f ¨§ ª ¦¤®£® ¬­®¦¥áâ¢ ,
çâ® ¯à¨ ä¨ªá¨à®¢ ­­ëå âà¥å á«®ïå äã­ªæ¨ï f ¨¬¥¥â § ¤ ­­®¥ ç¨á«®
­¨¦­¨å ¥¤¨­¨æ ¢ ­¨¦­¥¬ á«®¥, § ¤ ­­®¥ ç¨á«® ¢¥àå­¨å ­ã«¥© ¢ ¢¥àå-
­¥¬ á«®¥ ¨ à ¢­  1 ­  § ¤ ­­®¬ ç¨á«¥ ­ ¡®à®¢ áà¥¤­¥£® á«®ï. �®ª § ­®,
çâ® ¯à¨ «î¡®¬ n !1 ç¨á«® ¢á¥å ¬®­®â®­­ëå ¡ã«¥¢ëå äã­ªæ¨© ®â n
¯¥à¥¬¥­­ëå  á¨¬¯â®â¨ç¥áª¨ á®¢¯ ¤ ¥â á ç¨á«®¬ á¯¥æ¨ «ì­ëå äã­ª-
æ¨© ®â n ¯¥à¥¬¥­­ëå. �®«ãç¥­­ë¥  á¨¬¯â®â¨ª¨ ¨á¯®«ì§ãîâáï ¤«ï
å à ªâ¥à¨§ æ¨¨ áâ â¨áâ¨ç¥áª¨å á¢®©áâ¢ áâ¥ª®¢ëå ä¨«ìâà®¢.

�¢¥¤¥­¨¥

� áâ âì¥ ¨áá«¥¤ãîâáï âà¨ ¬­®¦¥áâ¢  ¬®­®â®­­ëå ¡ã«¥¢ëå äã­ªæ¨©
®â n ¯¥à¥¬¥­­ëå ¨ ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë ¨á¯®«ì§ãîâáï ¤«ï ¢ëï¢«¥­¨ï
áâ â¨áâ¨ç¥áª¨å á¢®©áâ¢ áâ¥ª®¢ëå ä¨«ìâà®¢.

�â¨ ¬­®¦¥áâ¢  ®¯à¥¤¥«ïîâáï á«¥¤ãîé¨¬ ®¡à §®¬. �ãáâìM(n) ®¡®-
§­ ç ¥â ¬­®¦¥áâ¢® ¢á¥å ¬®­®â®­­ëå ¡ã«¥¢ëå äã­ªæ¨© ®â n ¯¥à¥¬¥­­ëå
¨ En;k, 0 6 k 6 n, ®¡®§­ ç ¥â ¬­®¦¥áâ¢® ­ ¡®à®¢ (¢¥àè¨­) ¢ n-¬¥à­®¬
¥¤¨­¨ç­®¬ ªã¡¥ En, ¢ ª ¦¤®¬ ¨§ ª®â®àëå á®¤¥à¦¨âáï k ¥¤¨­¨æ ¨ n � k
­ã«¥©.

�à¨ «î¡®¬ ç¥â­®¬ n ®¡®§­ ç¨¬ ç¥à¥§ M0(n) ¬­®¦¥áâ¢® äã­ªæ¨©
f 2 M(n) â ª¨å, çâ® ¢á¥ ­¨¦­¨¥ ¥¤¨­¨æë äã­ªæ¨¨ f ­ å®¤ïâáï

�) �áá«¥¤®¢ ­¨ï ¯¥à¢®£®  ¢â®à  ¢ë¯®«­¥­ë ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®á-
á¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨© (¯à®¥ªâ 99{01{00531)
¨ �¥¤¥à «ì­®© æ¥«¥¢®© ¯à®£à ¬¬ë ú�­â¥£à æ¨ïû (®¡ê¥¤¨­¥­­ë© ¯à®¥ªâ
��{110).

c
 2000 �®àèã­®¢ �. �., �¬ã«¥¢¨ç �.



2 �. �. �®àèã­®¢, �. �¬ã«¥¢¨ç

¢ En;n=2�1, En;n=2 ¨ En;n=2+1,   ¢® ¢á¥å ¢¥àè¨­ å ¨§ En;n=2+2; : : : ; En;n

äã­ªæ¨ï f à ¢­  1. � [2] ¤®ª § ­®, çâ® jM0 (n)j � jM (n)j.
� á«ãç ¥ ç¥â­®£® n äã­ªæ¨ï ¨§M0 (n) ­ §ë¢ ¥âáï á¯¥æ¨ «ì­®©, ¥á«¨

¥¥ ¬­®¦¥áâ¢® ­¨¦­¨å ¥¤¨­¨æ ¨§ En;n=2�1 ¨ ¥¥ ¬­®¦¥áâ¢® ¢¥àå­¨å ­ã«¥©
¨§ En;n=2+1 à á¯ ¤ îâáï ­  ®¤­®í«¥¬¥­â­ë¥ ¨ ¤¢ãåí«¥¬¥­â­ë¥ á¢ï§ª¨
(®¯à¥¤¥«¥­¨¥ á¢ï§ª¨ á¬. ­¨¦¥),   ç¨á«® ¤¢ãåí«¥¬¥­â­ëå á¢ï§®ª ¢ ª ¦-
¤®¬ â ª®¬ ¬­®¦¥áâ¢¥ ­¥ ¯à¥¢®áå®¤¨â n4. �­®¦¥áâ¢® ¢á¥å á¯¥æ¨ «ì­ëå
äã­ªæ¨© ¨§ M0 (n) ®¡®§­ ç ¥âáï ç¥à¥§ M

1
0 (n).

�á«¨ n ­¥ç¥â­®, â® ç¥à¥§ M0;1 (n) ®¡®§­ ç ¥âáï ¬­®¦¥áâ¢® äã­ª-
æ¨© f 2 M (n) â ª¨å, çâ® ¢á¥ ­¨¦­¨¥ ¥¤¨­¨æë äã­ªæ¨¨ f ­ å®¤ïâáï
¢ En;(n�3)=2, En;(n�1)=2 ¨ En;(n+1)=2,   ¢® ¢á¥å ¢¥àè¨­ å ¨§ En;(n+3)=2;
: : : ; En;n äã­ªæ¨ï f à ¢­  1. � ª®­¥æ, ç¥à¥§ M0;2 (n) ®¡®§­ ç¨¬ ¬­®-
¦¥áâ¢® äã­ªæ¨© f 2 M (n) â ª¨å, çâ® ¢á¥ ­¨¦­¨¥ ¥¤¨­¨æë äã­ªæ¨¨
f ­ å®¤ïâáï ¢ En;(n�1)=2, En;(n+1)=2 ¨ En;(n+3)=2,   ¢® ¢á¥å ¢¥àè¨­ å ¨§
En;(n+5)=2; : : : ; En;n äã­ªæ¨ï f à ¢­  1. � [2] ¤®ª § ­®, çâ®

jM0;1 (n)j = jM0;2 (n)j � 1

2
jM (n)j :

�à¨ ­¥ç¥â­®¬ n äã­ªæ¨ï f 2 M0;1 (n) (f 2 M0;2 (n)) ­ §ë¢ ¥âáï
á¯¥æ¨ «ì­®©, ¥á«¨ ¬­®¦¥áâ¢® ­¨¦­¨å ¥¤¨­¨æ ¢ En;(n�3)=2 (¢ En;(n�1)=2)
¨ ¬­®¦¥áâ¢® ¢¥àå­¨å ­ã«¥© ¢ En;(n+1)=2 (¢ En;(n+3)=2) à á¯ ¤ îâáï ­  ®¤-
­®í«¥¬¥­â­ë¥ ¨ ¤¢ãåí«¥¬¥­â­ë¥ á¢ï§ª¨ ¨ ç¨á«® ¤¢ãåí«¥¬¥­â­ëå á¢ï§®ª
¢ ª ¦¤®¬ â ª®¬ ¬­®¦¥áâ¢¥ ­¥ ¯à¥¢®áå®¤¨â n4. �­®¦¥áâ¢® ¢á¥å á¯¥æ¨ «ì-
­ëå äã­ªæ¨© ¨§M0;1 (n) (¨§M0;2 (n)) ®¡®§­ ç¨¬ ç¥à¥§M1

0;1 (n) (M
1
0;2 (n)).

� áâ âì¥ ­ ©¤¥­ë  á¨¬¯â®â¨ª¨ ¤«ï ç¨á«  äã­ªæ¨© f 2 M1
0 (n) â -

ª¨å, çâ® f ¨¬¥¥â ä¨ªá¨à®¢ ­­®¥ ç¨á«® ­¨¦­¨å ¥¤¨­¨æ ¢ En;n=2�1, ä¨ªá¨-
à®¢ ­­®¥ ç¨á«® ¢¥àå­¨å ­ã«¥© ¢ En;n=2+1 ¨ f à ¢­  1 ­  ä¨ªá¨à®¢ ­­®¬
ç¨á«¥ ­ ¡®à®¢ ¨§ En;n=2 (â¥®à¥¬  1). �­ «®£¨ç­ë¥  á¨¬¯â®â¨ª¨ ­ ©-
¤¥­ë ¢ á«ãç ¥, ª®£¤  à áá¬ âà¨¢ îâáï äã­ªæ¨¨ ¨§ M1

0;1 (n) ¨ M1
0;2 (n)

(â¥®à¥¬ë 2 ¨ 3).

�§ â¥®à¥¬ 1{3 á«¥¤ã¥â, çâ® jM1
0 (n)j � jM (n)j ¨

��M1
0;1 (n)

�� ���M1
0;2 (n)

�� � 1
2
jM (n)j, â. ¥. ¯®çâ¨ ¢á¥ äã­ªæ¨¨ ¨§ M (n) ï¢«ïîâáï á¯¥æ¨-

 «ì­ë¬¨.

� å®¦¤¥­¨¥ íâ¨å  á¨¬¯â®â¨ª ¡ë«® ¬®â¨¢¨à®¢ ­® ¨§ãç¥­¨¥¬ áâ â¨á-
â¨ç¥áª¨å á¢®©áâ¢ ®¤­®£® ª« áá  ­¥«¨­¥©­ëå æ¨äà®¢ëå ä¨«ìâà®¢. �« ¢-
­®© æ¥«ìî ä¨«ìâà æ¨¨ á¨£­ «®¢ ï¢«ï¥âáï ãáâà ­¥­¨¥ èã¬ , â. ¥. ®æ¥-
­¨¢ ­¨¥ ¨áâ¨­­®£® á¨£­ «  ¯® ­ ¡«î¤ ¥¬®¬ã á¨£­ «ã. � áâ® ¯à¥¤¯®-
« £ ¥âáï, çâ® èã¬ ï¢«ï¥âáï  ¤¤¨â¨¢­ë¬ ¨ ­¥§ ¢¨á¨¬ë¬ ®â ¨áâ¨­­®£®
á¨£­ « . �¨«ìâàë ®¡ëç­® à ¡®â îâ ¢ áª®«ì§ïé¥¬ à¥¦¨¬¥, ¨á¯®«ì§ãï
®ª­® § ¤ ­­®© ¢¥«¨ç¨­ë. �® §­ ç¥­¨ï¬ á¨£­ «  ¢ ®ª­¥ ä¨«ìâà ¯®à®¦-
¤ ¥â ®æ¥­ªã ¤«ï ª ¦¤®£® ®âáç¥â  á¨£­ « .
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� â¥®à¨¨ ä¨«ìâà æ¨¨ ¤ ¢­® ¨á¯®«ì§ãîâáï «¨­¥©­ë¥ ä¨«ìâàë. �¤-
­ ª® íâ¨ ä¨«ìâàë ¨¬¥îâ áãé¥áâ¢¥­­ë¥ ­¥¤®áâ âª¨. � ª¨¥ ä¨«ìâàë ­¥
¯®§¢®«ïîâ íää¥ªâ¨¢­® ¡®à®âìáï á ªà âª®¢à¥¬¥­­ë¬¨ ¢á¯«¥áª ¬¨ ¨ èã-
¬ ¬¨, ¢ à á¯à¥¤¥«¥­¨ïå ª®â®àëå ¨¬¥îâáï ¤«¨­­ë¥ úå¢®áâëû. �à®¬¥
â®£®, ¯à¨ ¡®àì¡¥ á èã¬®¬ «¨­¥©­ë¥ ä¨«ìâàë á£« ¦¨¢ îâ á¨£­ «, çâ®
ç áâ® ­¥¦¥« â¥«ì­®.

�â®¡ë ¨§¡¥¦ âì â ª¨å ­¥¤®áâ âª®¢, ¢ â¥®à¨¨ ä¨«ìâà æ¨¨ ¡ë« ¯à¥¤-
«®¦¥­ ª« áá â ª ­ §ë¢ ¥¬ëå áâ¥ª®¢ëå ä¨«ìâà®¢ [14]. � íâ®¬ ª« áá¥ á®-
¤¥à¦ âáï ¬­®£¨¥ ¤àã£¨¥ ¨§¢¥áâ­ë¥ ä¨«ìâàë. � ­¨¬ ®â­®áïâáï ¬¥¤¨ ­-
­ë¥ ¨ ¢§¢¥è¥­­ë¥ ¬¥¤¨ ­­ë¥ ä¨«ìâàë, ­¥ª®â®àë¥ ä¨«ìâàë, ®á­®¢ ­­ë¥
­  ¯®àï¤ª®¢ëå áâ â¨áâ¨ª å, ¬®àä®«®£¨ç¥áª¨¥ ä¨«ìâàë ¨ â. ¤. �®à®è¨¥
®¡§®àë ® áâ¥ª®¢ëå ä¨«ìâà å ¨¬¥îâáï, ­ ¯à¨¬¥à, ¢ [4, 8, 10, 15]. �®«¥¥
¯®¤à®¡­ë¥ á¢¥¤¥­¨ï ® áâ¥ª®¢ëå ä¨«ìâà å á®¤¥à¦ âáï ¢ à §¤. 4 ­ áâ®ï-
é¥© áâ âì¨.

1. �á­®¢­ë¥ ¯®­ïâ¨ï

¨ ä®à¬ã«¨à®¢ª  à¥§ã«ìâ â®¢

�ãáâì ~� = (�1; : : : ; �n) ¨ ~� = (�1; : : : ; �n) | à §«¨ç­ë¥ ¤¢®¨ç­ë¥
­ ¡®àë ¤«¨­ë n. �®¢®àïâ, çâ® ~� ¯à¥¤è¥áâ¢ã¥â ~� (®¡®§­ ç¥­¨¥: ~� � ~�),
¥á«¨ �i 6 �i ¯à¨ «î¡®¬ i, 1 6 i 6 n. �á«¨ ~� � ~� ¨ ~� � ~�, â® ~� ¨ ~�
­ §ë¢ îâáï ­¥áà ¢­¨¬ë¬¨ ­ ¡®à ¬¨. �® ®â­®è¥­¨î ª ¯à¥¤¨ª âã �
¬­®¦¥áâ¢® ¢á¥å ¤¢®¨ç­ëå ­ ¡®à®¢ ®¤¨­ ª®¢®© ¤«¨­ë ï¢«ï¥âáï ç áâ¨ç­®
ã¯®àï¤®ç¥­­ë¬ ¬­®¦¥áâ¢®¬.

�ã«¥¢  äã­ªæ¨ï f(x1; : : : ; xn) ­ §ë¢ ¥âáï ¬®­®â®­­®©, ¥á«¨ ¤«ï «î-
¡ëå ­ ¡®à®¢ ~� = (�1; : : : ; �n) ¨ ~� = (�1; : : : ; �n) â ª¨å, çâ® ~� � ~�, ¢ë-
¯®«­ï¥âáï ­¥à ¢¥­áâ¢® f(~�) 6 f(~�). �­®¦¥áâ¢® ¬®­®â®­­ëå ¡ã«¥¢ëå
äã­ªæ¨© ®â n ¯¥à¥¬¥­­ëå ®¡®§­ ç ¥âáï ç¥à¥§ M (n).

�ãáâì En ®¡®§­ ç ¥â n-¬¥à­ë© ¥¤¨­¨ç­ë© ªã¡, â. ¥. £à ä á 2n ¢¥à-
è¨­ ¬¨, ª®â®àë¥ ¯®¬¥ç¥­ë ¤¢®¨ç­ë¬¨ ­ ¡®à ¬¨ ¤«¨­ë n,   ¢¥àè¨­ë
~� = (�1; : : : ; �n) ¨ ~� = (�1; : : : ; �n) á¬¥¦­ë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

à ááâ®ï­¨¥ �¥¬¬¨­£  �(~�; ~�) =
nP
i=1

(�i � �i) = 1.

�®¢®ªã¯­®áâì â¥å ­ ¡®à®¢ (¢¥àè¨­) ¨§ En, ¢ ª®â®àëå á®¤¥à¦¨âáï
¢ â®ç­®áâ¨ ¯® k ¥¤¨­¨æ, 0 6 k 6 n, ­ §ë¢ ¥âáï k-¬ á«®¥¬ ¢ En ¨ ®¡®-
§­ ç ¥âáï ç¥à¥§ En;k. �¥àè¨­  ~� 2 En ­ §ë¢ ¥âáï ­¨¦­¥© ¥¤¨­¨æ¥©

¬®­®â®­­®© ¡ã«¥¢®© äã­ªæ¨¨ f (x1; : : : ; xn), ¥á«¨ f(~a) = 1 ¨ f(~�) = 0
¤«ï «î¡®© ¢¥àè¨­ë ~� � ~�. �¥àè¨­  ~� 2 En ­ §ë¢ ¥âáï ¢¥àå­¨¬ ­ã«¥¬

¬®­®â®­­®© ¡ã«¥¢®© äã­ªæ¨¨ f(x1; : : : ; xn), ¥á«¨ f(~a) = 0 ¨ f(~�) = 1 ¤«ï
«î¡®© ¢¥àè¨­ë ~� � ~�.

�ãáâì ~� | ¯à®¨§¢®«ì­ ï ¢¥àè¨­  ¨§ En;k. �­®¦¥áâ¢® ¢á¥å ¢¥àè¨­
~� ¨§ En;k+s (s > 1 ¨ k + s 6 n) â ª¨å, çâ® ~� � ~�, ­ §ë¢ ¥âáï s-â¥­ìî
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¢¥àè¨­ë ~�. �ãáâì A | ¯à®¨§¢®«ì­®¥ ¯®¤¬­®¦¥áâ¢® ¢¥àè¨­ ¢ En;k.
�®£¤  ¬­®¦¥áâ¢® ¢á¥å ¢¥àè¨­ ¢ En;k+s, ª ¦¤ ï ¨§ ª®â®àëå ¯à¨­ ¤«¥-
¦¨â s-â¥­¨ ¯® ªà ©­¥© ¬¥à¥ ®¤­®© ¢¥àè¨­ë ¨§ A, ­ §ë¢ ¥âáï s-â¥­ìî

¯®¤¬­®¦¥áâ¢  A ¨ ®¡®§­ ç ¥âáï ç¥à¥§ T s(A).
�ãáâì A = f~�1; ~�2; : : : ; ~�rg | ¯à®¨§¢®«ì­®¥ r-í«¥¬¥­â­®¥ ¯®¤¬­®-

¦¥áâ¢® ¢ En;k. �®¢®ªã¯­®áâì ¢¥àè¨­ ¨§ A à §¡¨¢ ¥âáï ­  á¢ï§ª¨: ¢¥à-
è¨­ë ~�i ¨ ~�j ¢ª«îç îâáï ¢ ®¤­ã á¢ï§ªã â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
¢ A ¨¬¥îâáï ¢¥àè¨­ë ~�s1 ; ~�s2; : : : ; ~�sk â ª¨¥, çâ® à ááâ®ï­¨¥ �¥¬¬¨­£ 
�(~�i; ~�s1) = �(~�sk; ~�j) = 2 ¨ �(~�sv ; ~�sv+1) = 2 ¯à¨ «î¡®¬ v, 1 6 v 6 s � 1.

� [2] ­ ©¤¥­ë á«¥¤ãîé¨¥  á¨¬¯â®â¨ª¨ ¤«ï ç¨á«  ¬®­®â®­­ëå ¡ã«¥-
¢ëå äã­ªæ¨© ®â n ¯¥à¥¬¥­­ëå:

(a) ¯à¨ «î¡®¬ ç¥â­®¬ n!1

jM(n)j � 2(
n
n=2) exp

��
n

n=2� 1

��
1

2n=2
+

n2

2n+5
� n

2n+4

��
; (1.1)

(b) ¯à¨ «î¡®¬ ­¥ç¥â­®¬ n!1

jM(n)j � 2(
n

(n�1)=2)+1 exp

��
n

(n� 3)=2

��
1

2(n+3)=2
� n2

2n+6
� n

2n+3

�
+

�
n

(n� 1)=2

��
1

2(n+1)=2
+

n2

2n+4

��
: (1.2)

�à¨ ãáâ ­®¢«¥­¨¨  á¨¬¯â®â¨ª (1.1) ¨ (1.2) ¢ [2] ¡ë«¨ ®¡­ àã¦¥­ë
¯®«¥§­ë¥ á¢®©áâ¢  ¬®­®â®­­ëå ¡ã«¥¢ëå äã­ªæ¨©, ª®â®àë¥ ¯®§¤­¥¥ ¨á-
¯®«ì§®¢ «¨áì ¢ à ¡®â å [1, 3, 5].

�¤­¨¬ ¨§ â ª¨å á¢®©áâ¢ ï¢«ï¥âáï á«¥¤ãîé¥¥. �ãáâì M0(n) ®¡®§­ -
ç ¥â ¬­®¦¥áâ¢® äã­ªæ¨© ¨§ M(n), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬:

¥á«¨ n ç¥â­®, â® M0(n) á®áâ®¨â ¨§ äã­ªæ¨© f 2 M(n) â ª¨å, çâ®
¢á¥ ­¨¦­¨¥ ¥¤¨­¨æë äã­ªæ¨¨ f à á¯®«®¦¥­ë ¢ á«®ïå En;n=2�1, En;n=2

¨ En;n=2+1,   ¢® ¢á¥å ¢¥àè¨­ å, ­ å®¤ïé¨åáï ¢ á«®ïå En;n=2+2; : : : ; En;n,
äã­ªæ¨ï f à ¢­  1;

¥á«¨ n ­¥ç¥â­®, â® M0(n) á®áâ®¨â ¨§ äã­ªæ¨© f 2 M(n) â ª¨å, çâ®
¢á¥ ­¨¦­¨¥ ¥¤¨­¨æë äã­ªæ¨¨ f à á¯®«®¦¥­ë «¨¡® ¢ á«®ïå En;(n�3)=2,
En;(n�1)=2 ¨ En;(n+1)=2, «¨¡® ¢ á«®ïå En;(n�1)=2, En;(n+1)=2 ¨ En;(n+3)=2.

� ¯¥à¢®¬ á«ãç ¥ f(~�) = 1 ¤«ï ¢á¥å ~�, ­ å®¤ïé¨åáï ¢ En;(n+3)=2;
: : : ; En;n,   ¢® ¢â®à®¬ á«ãç ¥ f(~�) = 1 ¤«ï ¢á¥å ~�, ­ å®¤ïé¨åáï
¢ En;(n+5)=2; : : : ; En;n.

�®£¤ , ª ª ¯®ª § ­® ¢ [2], ¯à¨ n!1
jM0(n)j � jM(n)j: (1.3)

�à®¬¥ â®£®, ¢ [2] ®¡­ àã¦¥­ë ¤àã£¨¥ ¨­â¥à¥á­ë¥ á¢®©áâ¢  â¨¯¨ç­ëå
äã­ªæ¨© ¨§ M(n).
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�á­®¢­ ï æ¥«ì ­ áâ®ïé¥© áâ âì¨ á®áâ®¨â ¢ ãáâ ­®¢«¥­¨¨  á¨¬¯â®-
â¨ª ¤«ï ç¨á«  á¯¥æ¨ «ì­ëå äã­ªæ¨© ¨§ M0(n) ¨ ¨å ¯à¨¬¥­¥­¨¨ ª ¨§ã-
ç¥­¨î áâ â¨áâ¨ç¥áª¨å á¢®©áâ¢ áâ¥ª®¢ëå ä¨«ìâà®¢. �­®¦¥áâ¢® â ª¨å
äã­ªæ¨© ®¡®§­ ç ¥âáï ç¥à¥§ M1

0 (n) ¨ ¢ § ¢¨á¨¬®áâ¨ ®â ç¥â­®áâ¨ ¨«¨
­¥ç¥â­®áâ¨ n ®¯à¥¤¥«ï¥âáï ¯®-à §­®¬ã. � ç­¥¬ á® á«ãç ï ç¥â­ëå n.

�ãáâì ¯à¨ «î¡®¬ ç¥â­®¬ n

r0= r0(n) = v0= v0(n) =

��
n

n=2� 1

�
2�n=2�1

�
; z0=

�
1

2

�
n

n=2

��
: (1.4)

�®£¤  ¯à¨ â ª¨å n ¬­®¦¥áâ¢® M1
0 (n) á®áâ®¨â ¨§ äã­ªæ¨© f 2 M0(n)

â ª¨å, çâ®

1) ¢ En;n=2�1 äã­ªæ¨ï f ¨¬¥¥â r ­¨¦­¨å ¥¤¨­¨æ, £¤¥ r0�n2n=4 6 r 6
r0 + n2n=4;

2) ¬­®¦¥áâ¢® ­¨¦­¨å ¥¤¨­¨æ äã­ªæ¨¨ f , ­ å®¤ïé¨åáï ¢ En;n=2�1,
à á¯ ¤ ¥âáï ­  ®¤­®í«¥¬¥­â­ë¥ ¨ ¤¢ãåí«¥¬¥­â­ë¥ á¢ï§ª¨, ¨ ç¨á«® ¤¢ãå-
í«¥¬¥­â­ëå á¢ï§®ª ­¥ ¯à¥¢®áå®¤¨â n4;

3) ¢ En;n=2+1 äã­ªæ¨ï f ¨¬¥¥â v ¢¥àå­¨å ­ã«¥©, £¤¥ v0 � n2n=4 6 v 6
v0 + n2n=4;

4) ¬­®¦¥áâ¢® ¢¥àå­¨å ­ã«¥© äã­ªæ¨¨ f , ­ å®¤ïé¨åáï ¢ En;n=2+1, à á-
¯ ¤ ¥âáï ­  ®¤­®í«¥¬¥­â­ë¥ ¨ ¤¢ãåí«¥¬¥­â­ë¥ á¢ï§ª¨, ¨ ç¨á«® ¤¢ãåí«¥-
¬¥­â­ëå á¢ï§®ª ­¥ ¯à¥¢®áå®¤¨â n4;

5) ¢ En;n=2 ¨¬¥¥âáï z ­ ¡®à®¢ ~� â ª¨å, çâ® f(~�) = 1,   z ã¤®¢«¥â¢®-
àï¥â ­¥à ¢¥­áâ¢ ¬ z0 � n2n=2 6 z 6 z0 + n2n=2.

�¡®§­ ç¨¬ ç¥à¥§ M1
0 (n; r; z; v) ¬­®¦¥áâ¢® äã­ªæ¨© f 2M1

0 (n) â ª¨å,
çâ® f ¨¬¥¥â r ­¨¦­¨å ¥¤¨­¨æ ¢ En;n=2�1, v ¢¥àå­¨å ­ã«¥© ¢ En;n=2+1 ¨ f
à ¢­  1 ­  z ­ ¡®à®¢ ¨§ En;n=2.

�¥®à¥¬  1. �ãáâì n ç¥â­®,

r = r0 + k; z = z0 + u; v = v0 + t; (1.5)

£¤¥ r0, z0, v0 ®¯à¥¤¥«¥­ë ¢ (1.4). �®£¤  ¯à¨ «î¡ëå k, u ¨ t â ª¨å, çâ®
jkj 6 n2n=4, juj 6 n2n=2, jtj 6 n2n=4, ¨ n!1

jM1
0 (n; r; z; v)j �

s
2n+1

�3
�

n
n=2

�3 jM(n)j exp
(
� 2n=2�

n
n=2�1

�(k2 + t2)� 2u2�
n
n=2

�) :

�à¨ «î¡®¬ ­¥ç¥â­®¬ n ¬­®¦¥áâ¢®M1
0 (n) ï¢«ï¥âáï ®¡ê¥¤¨­¥­¨¥¬ ­¥-

¯¥à¥á¥ª îé¨åáï ¬­®¦¥áâ¢ M1
0;1(n) ¨ M1

0;2(n), â. ¥.

M1
0 (n) =M1

0;1(n) [M1
0;2(n); M1

0;1(n) \M1
0;2(n) = ?: (1.6)
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� ®¯à¥¤¥«¥­¨¨ ¬­®¦¥áâ¢ M1
0;1(n) ¨á¯®«ì§ãîâáï ¯ à ¬¥âàë r1; z1; v1,

§ ¤ ¢ ¥¬ë¥ á«¥¤ãîé¨¬ ®¡à §®¬:

r1 = r1(n) =

��
n

(n� 3)=2

�
2�(n+3)=2

�
;

v1 = v1(n) =

��
n

(n+ 1)=2

�
2�(n+1)=2

�
;

(1.7)

z1 =

�
1

2

��
n

(n� 1)=2

�
+ r1(n+ 3)=2� v1(n + 1)=2

��
: (1.8)

�­®¦¥áâ¢® M1
0;1(n) á®áâ®¨â ¨§ â ª¨å äã­ªæ¨© f 2M0(n), çâ®

1) ¢á¥ ­¨¦­¨¥ ¥¤¨­¨æë äã­ªæ¨¨ f ­ å®¤ïâáï ¢ En;(n�3)=2, En;(n�1)=2

¨ En;(n+1)=2;
2) ¢ En;(n�3)=2 äã­ªæ¨ï f ¨¬¥¥â r ­¨¦­¨å ¥¤¨­¨æ, £¤¥ r1 � n2n=4 6

r 6 r1 + n2n=4;
3) ¬­®¦¥áâ¢® ­¨¦­¨å ¥¤¨­¨æ äã­ªæ¨¨ f , ­ å®¤ïé¨åáï ¢ En;(n�3)=2,

à á¯ ¤ ¥âáï ­  ®¤­®í«¥¬¥­â­ë¥ ¨ ¤¢ãåí«¥¬¥­â­ë¥ á¢ï§ª¨, ¨ ç¨á«® ¤¢ãå-
í«¥¬¥­â­ëå á¢ï§®ª ­¥ ¯à¥¢®áå®¤¨â n4;

4) ¢ En;(n+1)=2 äã­ªæ¨ï f ¨¬¥¥â v ¢¥àå­¨å ­ã«¥©, £¤¥ v1�n2n=4 6 v 6
v1 + n2n=4;

5) ¬­®¦¥áâ¢® ¢¥àå­¨å ­ã«¥© äã­ªæ¨¨ f , ­ å®¤ïé¨åáï ¢ En;(n+1)=2,
à á¯ ¤ ¥âáï ­  ®¤­®í«¥¬¥­â­ë¥ ¨ ¤¢ãåí«¥¬¥­â­ë¥ á¢ï§ª¨, ¨ ç¨á«® ¤¢ãå-
í«¥¬¥­â­ëå á¢ï§®ª ­¥ ¯à¥¢®áå®¤¨â n4;

6) ¢ En;(n�1)=2 ¨¬¥¥âáï z ­ ¡®à®¢ ~� â ª¨å, çâ® f(~�) = 1,   z ã¤®¢«¥â-
¢®àï¥â ­¥à ¢¥­áâ¢ ¬ z1 � n2n=2 6 z 6 z1 + n2n=2.

�¡®§­ ç¨¬ ç¥à¥§ M1
0;1(n; r; z; v) ¬­®¦¥áâ¢® äã­ªæ¨© f 2 M1

0;1(n) â -

ª¨å, çâ® f ¨¬¥¥â r ­¨¦­¨å ¥¤¨­¨æ ¢ En;(n�3)=2, v ¢¥àå­¨å ­ã«¥©
¢ En;(n+1)=2 ¨ f à ¢­  1 ­  z ­ ¡®à å ¨§ En;(n�1)=2.

�¥®à¥¬  2. �ãáâì n ­¥ç¥â­®,

r = r1 + k; z = z1 + u; v = v1 + t; (1.9)

£¤¥ r1; z1; v1 ®¯à¥¤¥«¥­ë ¢ (1.7) ¨ (1.8). �®£¤  ¯à¨ «î¡ëå k, u, t â ª¨å,
çâ® jkj 6 n2n=4, juj 6 n2n=2, jtj 6 n2n=4, ¨ n!1

jM1
0;1(n; r; z; v)j �

1

2

s
2n+1

�3
�

n
(n�1)=2

�3 jM(n)j

� exp

(
� 2(n+1)=2�

n
(n�3)=2

�k2 � 2(n�1)=2�
n

(n+1)=2

� t2 � 2u2�
n

(n�1)=2

�) :
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� ®¯à¥¤¥«¥­¨¨ ¬­®¦¥áâ¢ M1
0;2(n) ¨á¯®«ì§ãîâáï ¯ à ¬¥âàë r2; z2; v2,

§ ¤ ¢ ¥¬ë¥ á«¥¤ãîé¨¬ ®¡à §®¬:

r2 = r2(n) =

��
n

(n� 1)=2

�
2�(n+1)=2

�
;

v2 = v2(n) =

��
n

(n+ 3)=2

�
2�(n+3)=2

�
;

(1.10)

z2 =

�
1

2

��
n

(n+ 1)=2

�
+ r2(n+ 1)=2� v2(n+ 3)=2

��
: (1.11)

�­®¦¥áâ¢® M1
0;2(n) á®áâ®¨â ¨§ äã­ªæ¨© f 2M0(n) â ª¨å, çâ®

1) ¢á¥ ­¨¦­¨¥ ¥¤¨­¨æë äã­ªæ¨¨ f ­ å®¤ïâáï ¢ En;(n�1)=2, En;(n+1)=2

¨ En;(n+3)=2;
2) ¢ En;(n�1)=2 äã­ªæ¨ï f ¨¬¥¥â r ­¨¦­¨å ¥¤¨­¨æ, £¤¥ r2 � n2n=4 6

r 6 r2 + n2n=4;
3) ¬­®¦¥áâ¢® ­¨¦­¨å ¥¤¨­¨æ äã­ªæ¨¨ f , ­ å®¤ïé¨åáï ¢ En;(n�1)=2,

à á¯ ¤ ¥âáï ­  ®¤­®í«¥¬¥­â­ë¥ ¨ ¤¢ãåí«¥¬¥­â­ë¥ á¢ï§ª¨, ¨ ç¨á«® ¤¢ãå-
í«¥¬¥­â­ëå á¢ï§®ª ­¥ ¯à¥¢®áå®¤¨â n4;

4) ¢ En;(n+3)=2 äã­ªæ¨ï f ¨¬¥¥â v ¢¥àå­¨å ­ã«¥©, £¤¥ v2�n2n=4 6 v 6
v2 + n2n=4;

5) ¬­®¦¥áâ¢® ¢¥àå­¨å ­ã«¥© äã­ªæ¨¨ f , ­ å®¤ïé¨åáï ¢ En;(n+3)=2,
à á¯ ¤ ¥âáï ­  ®¤­®í«¥¬¥­â­ë¥ ¨ ¤¢ãåí«¥¬¥­â­ë¥ á¢ï§ª¨, ¨ ç¨á«® ¤¢ãå-
í«¥¬¥­â­ëå á¢ï§®ª ­¥ ¯à¥¢®áå®¤¨â n4;

6) ¢ En;(n+1)=2 ¨¬¥¥âáï z ­ ¡®à®¢ ~� â ª¨å, çâ® f(~�) = 1,   z ã¤®¢«¥â-
¢®àï¥â ­¥à ¢¥­áâ¢ ¬ z2 � n2n=2 6 z 6 z2 + n2n=2.

�¡®§­ ç¨¬ ç¥à¥§ M1
0;2(n; r; z; v) ¬­®¦¥áâ¢® äã­ªæ¨© f 2 M1

0;2(n) â -

ª¨å, çâ® f ¨¬¥¥â r ­¨¦­¨å ¥¤¨­¨æ ¢ En;(n�1)=2, v ¢¥àå­¨å ­ã«¥©
¢ En;(n+3)=2 ¨ f à ¢­  1 ­  z ­ ¡®à å ¨§ En;(n+1)=2.

�¥®à¥¬  3. �ãáâì n ­¥ç¥â­®,

r = r2 + k; z = z2 + u; v = v2 + t; (1.12)

£¤¥ r2; z2; v2 ®¯à¥¤¥«¥­ë ¢ (1.10) ¨ (1.11). �®£¤  ¯à¨ «î¡ëå k, u, t â ª¨å,
çâ® jkj 6 n2n=4, juj 6 n2n=2, jtj 6 n2n=4, ¨ n!1

jM1
0;2(n; r; z; v)j �

1

2

s
2n+1

�3
�

n
(n�1)=2

�3 jM(n)j

� exp

(
� 2(n�1)=2�

n
(n�1)=2

�k2 � 2(n+1)=2�
n

(n+3)=2

� t2 � 2u2�
n

(n+1)=2

�) :

�§ â¥®à¥¬ 1{3 «¥£ª® á«¥¤ã¥â (á¬. § ¬¥ç ­¨ï 1 ¨ 2), çâ® ¯à¨ «î¡®¬
n!1

jM1
0 (n)j � jM(n)j;
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â. ¥. ¯®çâ¨ ¢á¥ äã­ªæ¨¨ ¨§M0(n) ¨ ¯®çâ¨ ¢á¥ äã­ªæ¨¨ ¨§M(n) ï¢«ïîâáï
á¯¥æ¨ «ì­ë¬¨.

2. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 1

�à¨ «î¡®¬ ç¥â­®¬ n à ¤¨ ªà âª®áâ¨ ¡ã¤¥¬ ¯®« £ âì

m =

�
n

n=2� 1

�
=

�
n

n=2 + 1

�
: (2.1)

�¡®§­ ç¨¬ ç¥à¥§M1
0 (n; r; z; v; s; w) ¬­®¦¥áâ¢® äã­ªæ¨© f 2M1

0 (n; r; z; v),
ª®â®àë¥ ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

1) ¢ ¬­®¦¥áâ¢¥ ­¨¦­¨å ¥¤¨­¨æ äã­ªæ¨¨ f , ­ å®¤ïé¨åáï ¢ En;n=2�1,
¨¬¥¥âáï s ¤¢ãåí«¥¬¥­â­ëå á¢ï§®ª;

2) ¢ ¬­®¦¥áâ¢¥ ¢¥àå­¨å ­ã«¥© äã­ªæ¨¨ f , ­ å®¤ïé¨åáï ¢ En;n=2+1,
¨¬¥¥âáï w ¤¢ãåí«¥¬¥­â­ëå á¢ï§®ª.

�®£¤  ¨¬¥¥¬

M1
0 (n; r; z; v) =

n4[
s=0

n4[
w=0

M1
0 (n; r; z; v; s;w): (2.2)

�á¥ äã­ªæ¨¨ f 2M1
0 (n; r; z; v; s; w) ¬®¦­® ¯®«ãç¨âì á«¥¤ãîé¨¬ á¯®-

á®¡®¬.
(a) � En;n=2�1 ®â¡¨à ¥âáï r-í«¥¬¥­â­®¥ ¯®¤¬­®¦¥áâ¢® A1, ª®â®à®¥

à á¯ ¤ ¥âáï ­  ®¤­®í«¥¬¥­â­ë¥ ¨ ¤¢ãåí«¥¬¥­â­ë¥ á¢ï§ª¨,   ç¨á«® ¯®-
á«¥¤­¨å à ¢­® s. �¥àè¨­ë ¨§ A1 ®¡êï¢«ïîâáï ­¨¦­¨¬¨ ¥¤¨­¨æ ¬¨
äã­ªæ¨¨ f . �®£« á­® «¥¬¬ ¬ 15.4 ¨ 15.5 ¨§ [2] ç¨á«® ¢®§¬®¦­®áâ¥© ¤«ï
¢ë¡®à  ¯®¤¬­®¦¥áâ¢  A1  á¨¬¯â®â¨ç¥áª¨ à ¢­® ¢¥«¨ç¨­¥

mr�s

(r� 2s)!s!

�
1

2

�
n2

4
� 1

��s

exp(�r2n2=8m):

(b) � En;n=2+1 ®â¡¨à ¥âáï v-í«¥¬¥­â­®¥ ¯®¤¬­®¦¥áâ¢® A2, ª®â®à®¥
à á¯ ¤ ¥âáï ­  ®¤­®í«¥¬¥­â­ë¥ ¨ ¤¢ãåí«¥¬¥­â­ë¥ á¢ï§ª¨, ¯à¨ç¥¬ ¢ A2

¨¬¥¥âáï w ¤¢ãåí«¥¬¥­â­ëå á¢ï§®ª ¨ A2 \ T 2(A1) = ?. �¥àè¨­ë ¨§ A2

®¡êï¢«ïîâáï ¢¥àå­¨¬¨ ­ã«ï¬¨ äã­ªæ¨¨ f .
�®£« á­® «¥¬¬ ¬ 15.4 ¨ 15.7 ¨§ [2] ç¨á«® á¯®á®¡®¢ ¢ë¡®à  ¯®¤¬­®-

¦¥áâ¢  A2  á¨¬¯â®â¨ç¥áª¨ à ¢­® ¢¥«¨ç¨­¥

mv�w

(v � 2w)!w!

�
1

2

�
n2

4
� 1

��w

exp

�
�v

2n2 + rvn(n+ 2)

8m

�
:

(c) �á­®, çâ® ¥á«¨ A1 ¨ A2 ã¦¥ ¢ë¡à ­ë, â® ¢ En;n=2 ¨¬¥¥âáï
r(n=2+ 1)� s ­ ¡®à®¢ ~� â ª¨å, çâ® f(~�) = 1, ¨ v(n=2+ 1)�w ­ ¡®à®¢ ~�
â ª¨å, çâ® f(~�) = 0. �®íâ®¬ã áà¥¤¨

�
n
n=2

��(r+v)(n=2+1)+s+w ¢¥àè¨­
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¢ En;n=2 á«¥¤ã¥â ¢ë¡à âì ¯®¤¬­®¦¥áâ¢® A3, á®áâ®ïé¥¥ ¨§ z�r(n=2+1)+s
¢¥àè¨­. �¥àè¨­ë ¨§ A3 ®¡êï¢«ïîâáï ­¨¦­¨¬¨ ¥¤¨­¨æ ¬¨ äã­ªæ¨¨ f .
�¨á«® ¢®§¬®¦­®áâ¥© ¤«ï ¢ë¡®à  ¯®¤¬­®¦¥áâ¢  A3 à ¢­®�� n

n=2

�� (r + v)(n=2 + 1) + s + w

z � r(n=2 + 1) + s

�
:

(d) � ¦¤ ï ¢¥àè¨­  ¢ En;n=2+1, ª®â®à ï ­¥ ¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã
T 2(A1) [ T 1(A3) [A2, ®¡êï¢«ï¥âáï ­¨¦­¥© ¥¤¨­¨æ¥© äã­ªæ¨¨ f .

�§ (a){(d) á«¥¤ã¥â, çâ® ¯à¨ n!1

jM1
0 (n; r; z; v; s; w)j�

�� n
n=2

�� (r+v)(n=2+1)+s+w

z�r(n=2+1)+s

��
1

2

�
n2

4
�1
�
�
�s+w

� exp

�
�r

2n2 + v2n2 + rvn(n+ 2)

8m

�
mr+v�s�w

(r� 2s)!s!(v � 2w)!w!
: (2.3)

� «¥¥ ¨¬¥¥¬

1

(r � 2s)!
� r2s

r!
� r2s0

r!
;

1

(v � 2w)!
� v2w

v!
� v2w0

v!
; (2.4)

exp

�
�r

2n2+v2n2+rvn(n+2)

8m

�
�exp

�
�r

2
0n

2+v20n
2+r0v0n(n+2)

8m

�
� exp

�
�3mn2

2n+5
� mn

2n+4

�
: (2.5)

�®¤áâ ¢¨¢ (2.4) ¨ (2.5) ¢ (2.3), ¯®«ãç ¥¬

jM1
0 (n; r; z; v; s;w)j �

�� n
n=2

�� (r+ v)(n=2 + 1) + s+ w

z � r(n=2 + 1) + s

�
�
�
1

2

�
n2

4
� 1

��s+w
mr+v�s�wr2s0 v

2w
0

r!s!v!w!
exp

�
�3mn2

2n+5
� mn

2n+4

�
: (2.6)

�à¨ à áá¬ âà¨¢ ¥¬ëå r; z; v; s;w, £¤¥ s+ w > 1, ¨ n!1 ¨¬¥¥¬�� n
n=2

�� (r + v)(n=2 + 1) + s+ w

z � r(n=2 + 1) + s

�
=

�� n
n=2

�� (r + v)(n=2 + 1)

z � r(n=2 + 1)

�
�

s+wY
i=1

��
n

n=2

�
� (r+ v)(n=2 + 1) + i

�
�

(
sY

j=1

(z � r(n=2 + 1) + j)

�
wY
j=1

�
n

n=2

�
� v(n=2 + 1)� z + j

)

� 2s+w
�� n

n=2

�� (r + v)(n=2 + 1)

z � r(n=2 + 1)

�
: (2.7)
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�®¤áâ ¢¨¢ (2.7) ¢ (2.6) ¨ ¢®á¯®«ì§®¢ ¢è¨áì (2.2), ¯à¨ n!1 ¯®«ãç ¥¬

jM1
0 (n; r; z; v)j �

�� n
n=2

�� (r + v)(n=2 + 1)

z � r(n=2 + 1)

�
mr+v

r!v!

� exp

�
�3mn2

2n+5
� mn

2n+4

� n4X
s=0

�
n2

4
� 1

�s
r2s0
mss!

n4X
w=0

�
n2

4
� 1

�w
v2w0
mww!

:

� á¢®î ®ç¥à¥¤ì, ¯®«ì§ãïáì (1.4), ¨¬¥¥¬

n4X
s=0

�
n2

4
� 1

�s
r2s0
mss!

n4X
w=0

�
n2

4
� 1

�w
v2w0
mww!

� exp

��
n2

4
� 1

�
v20m

�1

� n4X
s=0

�
n2

4
� 1

�s
r2s0
s!ms

� exp

��
n2

4
� 1

��
v20m

�1 + r20m
�1
�� � exp

��
n2

4
� 1

�
m2�n�1

�
� exp

�
mn22�n�3

�
:

�®íâ®¬ã��M1
0 (n; r; z; v)

�� � �� n
n=2

�� (r + v) (n=2 + 1)

z � r (n=2 + 1)

�
mr+v

r!v!

� exp

�
mn2

2n+5
� mn

2n+4

�
: (2.8)

� «¥¥ ¨¬¥¥¬�� n
n=2

�� (r + v) (n=2 + 1)

z � r (n=2 + 1)

�
=

�� n
n=2

�
z

� v(n=2+1)�1Y
i=0

��
n

n=2

�
� z � i

�

�
r(n=2+1)�1Y

i=0

(z � i) �

(r+v)(n=2+1)�1Y
i=0

��
n

n=2

�
� i

�
: (2.9)

�à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© â¥®à¥¬ë ¯®«ãç ¥¬

v(n=2+1)�1Y
i=0

��
n

n=2

�
� z � i

�
=

��
n

n=2

�
� z

�v(n=2+1)

�
v(n=2+1)�1Y

i=0

 
1� i�

n
n=2

�� z

!

�
��

n

n=2

�
� z

�v(n=2+1)

exp

0@� v2 (n=2 + 1)
2

2
��

n
n=2

�� z
�
1A ; (2.10)
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r(n=2+1)�1Y
i=0

(z � i) � zr(n=2+1) exp

 
�r

2 (n=2 + 1)
2

2z

!
; (2.11)

(r+v)(n=2+1)�1Y
i=0

��
n

n=2

�
� i

�
�
�

n

n=2

�(r+v)(n=2+1)

exp

 
�(r + v)

2
(n=2 + 1)

2

2
�

n
n=2

� !
:

(2.12)
�®¤áâ ¢¨¢ (2.10){(2.12) ¢ (2.9), ¯®«ãç ¥¬�� n

n=2

�� (r + v) (n=2 + 1)

z � r (n=2 + 1)

�
�
�� n

n=2

�
z

���
n

n=2

�
� z

�v(n=2+1)

zr(n=2+1)

�
�

n

n=2

��(r+v)(n=2+1)
' (n; r; z; v) ;

£¤¥

' (n; r; z; v) = exp

8<:(n=2 + 1)
2

24(r + v)
2

2
�

n
n=2

� � v2

2
��

n
n=2

�� z
� � r2

2z

359=;
� exp

8<:(n=2 + 1)
2

24(r0 + v0)
2

2
�

n
n=2

� � v20

2
��

n
n=2

�� z0

� � r20
2z0

359=;
� exp

�
(n=2 + 1)

2 �
2r0 � v20 � r20

�
=

�
n

n=2

��
= 1:

�«¥¤®¢ â¥«ì­®,�� n
n=2

�� (r + v) (n=2 + 1)

z � r (n=2 + 1)

�

�
�� n

n=2

�
z

� 
z�
n
n=2

�!r(n=2+1)
0@
��

n
n=2

�� z
�

�
n
n=2

�
1Av(n=2+1)

=

�� n
n=2

�
z

� 
z0 + u�

n
n=2

� !r(n=2+1) � n
n=2

�� z0 � u�
n
n=2

� !v(n=2+1)

:

� á¢®î ®ç¥à¥¤ì, 
z0 + u�

n
n=2

� !r(n=2+1)

=

 
z0�
n
n=2

�!r(n=2+1)�
1 +

u

z0

�r(n=2+1)

� 2�r(n=2+1) exp

�
ur (n=2 + 1)

z0

�
� 2�r(n=2+1) exp

�
ur0 (n=2 + 1)

z0

�
;
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n
n=2

��z0�u�
n
n=2

� !v(n=2+1)

=

 �
n
n=2

�� z0�
n
n=2

� !v(n=2+1) 
1� u�

n
n=2

�� z0

!v(n=2+1)

� 2�v(n=2+1) exp

 
�uv (n=2 + 1)�

n
n=2

�� z0

!
� 2�v(n=2+1) exp

�
uv0 (n=2 + 1)

z0

�
:

�§ ¯®á«¥¤­¨å âà¥å á®®â­®è¥­¨© á«¥¤ã¥â, çâ®�� n
n=2

�� (r + v) (n=2 + 1)

z � r (n=2 + 1)

�
�
�� n

n=2

�
z

�
2�(r+v)(n=2+1): (2.13)

�®¤áâ ¢¨¢ (2.13) ¢ (2.8), ¯®«ãç ¥¬��M1
0 (n; r; z; v)

�� � �� n
n=2

�
z

�
2�(r+v)(n=2+1)

mr+v

r!v!
�exp

�
mn2

2n+5
� mn

2n+4

�
: (2.14)

� «¥¥, ¥á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë, z = z0 + u ¨ u > 0, â®�� n
n=2

�
z

�
=

� � n
n=2

�
z0 + u

�
=

�� n
n=2

�
z0

� u�1Y
i=0

��
n

n=2

�
� z0 � i

�
�

uY
i=1

(z0 + i)

=

�� n
n=2

�
z0

���
n

n=2

�
� z0

�u

z�u0 exp

0@� u2

2
��

n
n=2

�� z0

� � u2

2z0

1A
�
�� n

n=2

�
z0

�
exp

�
�2u2=

�
n

n=2

��
: (2.15)

�­ «®£¨ç­® ã¡¥¦¤ ¥¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨ (2.15) ¯à¨ u 6 0.
�®¤áâ ¢¨¢ (2.15) ¢ (2.14), ¯®«ãç ¥¬

��M1
0 (n; r; z; v)

����� n
n=2

�
z0

�
2�(r+v)(n=2+1)

mr+v

r!v!
exp

 
mn2

2n+5
� mn

2n+4
� 2u2�

n
n=2

�! :

� «¥¥, ¢®á¯®«ì§®¢ ¢è¨áì ä®à¬ã«®© �â¨à«¨­£  [6], ¨¬¥¥¬�� n
n=2

�
z0

�
�
s

2

�
�

n
n=2

�2( n
n=2):

�§ ¯®á«¥¤­¨å ¤¢ãå á®®â­®è¥­¨© á«¥¤ã¥â, çâ®��M1
0 (n; r; z; v)

�� �s 2

�
�

n
n=2

�2( n
n=2)�(r+v)(n=2+1)m

r+v

r!v!

� exp

 
mn2

2n+5
� mn

2n+4
� 2u2�

n
n=2

�! : (2.16)
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�­®¢  ¢®á¯®«ì§®¢ ¢è¨áì ä®à¬ã«®© �â¨à«¨­£ , ¯à¨ ¢ë¯®«­¥­¨¨ ãá-
«®¢¨© â¥®à¥¬ë ¨¬¥¥¬

r! �
p
2�r (r=e)

r � p2�r0 (r0 + k)
r
e�r

=
p
2�r0r

r
0

�
1 +

k

r0

�r

e�r � p2�r0rr0 exp
�
kr

r0
� k2r

2r20
� r

�
=
p
2�r0r

r
0 exp

�
k (r0 + k)

r0
� k2 (r0 + k)

2r20
� r0 � k

�
=
p
2�r0r

r
0 exp

�
k2

2r0
� k3

2r20
� r0

�
� p2�r0rr0 exp

�
k2

2r0
� r0

�
;
(2.17)

v! � p2�v0vv0 exp
�
t2

2v0
� v0

�
: (2.18)

�®¤áâ ¢¨¢ (2.17) ¨ (2.18) ¢ (2.16), ¯®«ãç ¥¬��M1
0 (n; r; z; v)

�� �s 1

2�3
�

n
n=2

�
r0v0

2(
n
n=2)

�
m

r02n=2+1

�r �
m

v02n=2+1

�v

� exp

(
r0 + v0 +

mn2

2n+5
� mn

2n+4
� k2

2r0
� t2

2v0
� 2u2�

n
n=2

�) : (2.19)

� ª ª ª

r0 = v0 =

��
n

n=2� 1

�
2�n=2�1

�
;

â®, ¯®«®¦¨¢

� =

�
n

n=2� 1

�
2�n=2�1 � r0; (2.20)

£¤¥ 0 6 � < 1, ¨¬¥¥¬�
m

r02n=2+1

�r

=

�
m

2n=2+1 (m2�n=2�1� �)

�r

= 1 �

�
1� �2n=2+1

m

�r

� exp

�
�r2n=2+1

m

�
� exp

�
�r02

n=2+1

m

�
� e�; (2.21)�

m

v02n=2+1

�v

� e�: (2.22)

�®¤áâ ¢¨¢ (2.21), (2.22) ¢ (2.19) ¨ ¢®á¯®«ì§®¢ ¢è¨áì (1.4), ¯®«ãç ¥¬��M1
0 (n; r; z; v)

�� �s 1

2�3
�

n
n=2

�
r0v0

2(
n
n=2)

� exp

(
m

2n=2
+
mn2

2n+5
� mn

2n+4
� k2

2r0
� t2

2v0
� 2u2�

n
n=2

�) :
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� ª ª ª á®£« á­® (1.1)

2(
n
n=2) exp

�
m

2n=2
+
mn2

2n+5
� mn

2n+4

�
� jM (n)j ;

â® ��M1
0 (n; r; z; v)

�� �s 1

2�3
�

n
n=2

�
r20
jM (n)j

� exp

(
� k2

2r0
� t2

2v0
� 2u2�

n
n=2

�)

�
s

2n+1

�3
�

n
n=2

�3 jM (n)j exp
(
� 2n=2�

n
n=2�1

� �k2 + t2
�� 2u2�

n
n=2

�) :

�¥®à¥¬  1 ¤®ª § ­ .

� ¬¥ç ­¨¥ 1. �§ ®¯à¥¤¥«¥­¨ï ¬­®¦¥áâ¢M1
0 (n) ¨M

1
0 (n; r; z; v) á«¥-

¤ã¥â, çâ® ¢ á«ãç ¥ ç¥â­ëå n

M1
0 (n) =

[
jkj6n2n=4

[
juj6n2n=2

[
jtj6n2n=4

M1
0 (n; r0 + k; z0 + u; v0 + t) :

�®«ì§ãïáì íâ¨¬ ä ªâ®¬ ¨ â¥®à¥¬®© 1, ¯à¨ ç¥â­ëå n ¯®«ãç ¥¬��M1
0 (n)

�� �s 2n+1

�3
�

n
n=2

�3 jM (n)j
X

jkj6n2n=4

X
juj6n2n=2

�
X

jtj6n2n=4

exp

(
� 2n=2�

n
n=2�1

� �k2 + t2
�� 2u2�

n
n=2

�)

�
s

2n+1

�3
�

n
n=2

�3 jM (n)j
1Z

�1

1Z
�1

1Z
�1

exp

(
� 2n=2�

n
n=2�1

� �x2 + y2
�� 2z2�

n
n=2

�)dxdydz

� jM (n)j :
� ª¨¬ ®¡à §®¬, jM1

0 (n)j � jM (n)j, â. ¥. ¯®çâ¨ ¢á¥ äã­ªæ¨¨ ¨§ M0 (n),
  á«¥¤®¢ â¥«ì­®, ¨ ¯®çâ¨ ¢á¥ äã­ªæ¨¨ ¨§M (n) ï¢«ïîâáï á¯¥æ¨ «ì­ë¬¨.

3. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 2

�å¥¬  ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2 á®¢¯ ¤ ¥â á® áå¥¬®© ¤®ª § â¥«ì-
áâ¢  â¥®à¥¬ë 1. �â«¨ç¨¥ á®áâ®¨â «¨èì ¢ â®¬, çâ® ¢ íâ¨å á«ãç ïå
®á­®¢­ë¥ ¯ à ¬¥âàë ­¥ á®¢¯ ¤ îâ. �®íâ®¬ã ¯à¨¢¥¤¥¬ ¡®«¥¥ á¦ â®¥
¤®ª § â¥«ìáâ¢®.
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�à¨ «î¡®¬ ­¥ç¥â­®¬ n ¡ã¤¥¬ ¯®« £ âì

m =

�
n

(n� 3) =2

�
; p =

�
n

(n� 1) =2

�
=

�
n

(n+ 1) =2

�
: (3.1)

�¡®§­ ç¨¬ ç¥à¥§ M1
0;1 (n; r; z; v; s; w) ¬­®¦¥áâ¢® äã­ªæ¨© f 2 M1

0;1(n; r;
z; v), ª®â®àë¥ ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

1) ¢ ¬­®¦¥áâ¢¥ ­¨¦­¨å ¥¤¨­¨æ äã­ªæ¨¨ f , ­ å®¤ïé¨åáï ¢En;(n�3)=2,
¨¬¥¥âáï s ¤¢ãåí«¥¬¥­â­ëå á¢ï§®ª;

2) ¢ ¬­®¦¥áâ¢¥ ¢¥àå­¨å ­ã«¥© äã­ªæ¨¨ f , ­ å®¤ïé¨åáï ¢ En;(n+1)=2,
¨¬¥¥âáï w ¤¢ãåí«¥¬¥­â­ëå á¢ï§®ª.

�®£¤  ¨¬¥¥¬

M1
0;1 (n; r; z; v) =

n4[
s=0

n4[
w=0

M1
0;1 (n; r; z; v; s;w) : (3.2)

�á¥ äã­ªæ¨¨ f 2 M1
0;1 (n; r; z; v; s; w) ¬®¦­® ¯®«ãç¨âì á«¥¤ãîé¨¬ á¯®-

á®¡®¬.

(a) � En;(n�3)=2 ®â¡¨à ¥âáï r-í«¥¬¥­â­®¥ ¯®¤¬­®¦¥áâ¢® A1, ª®â®à®¥
à á¯ ¤ ¥âáï ­  ®¤­®í«¥¬¥­â­ë¥ ¨ ¤¢ãåí«¥¬¥­â­ë¥ á¢ï§ª¨,   ç¨á«® ¤¢ãå-
í«¥¬¥­â­ëå á¢ï§®ª à ¢­® s. �¥àè¨­ë ¨§ A1 ®¡êï¢«ïîâáï ­¨¦­¨¬¨ ¥¤¨-
­¨æ ¬¨ äã­ªæ¨¨ f . �®£« á­® «¥¬¬ ¬ 15.4 ¨ 15.5 ¨§ [2] ç¨á«® ¢®§¬®¦-
­®áâ¥© ¤«ï ¢ë¡®à  ¯®¤¬­®¦¥áâ¢  A1  á¨¬¯â®â¨ç¥áª¨ à ¢­® ¢¥«¨ç¨­¥

mr�s

(r � 2s)!s!

�
1

8

�
n2 � 9

��s

exp
��r2n2=8m� :

(b) � En;(n+1)=2 ®â¡¨à ¥âáï v-í«¥¬¥­â­®¥ ¯®¤¬­®¦¥áâ¢® A2, ª®â®à®¥
à á¯ ¤ ¥âáï ­  ®¤­®í«¥¬¥­â­ë¥ ¨ ¤¢ãåí«¥¬¥­â­ë¥ á¢ï§ª¨, ¯à¨ç¥¬ ¢ A2

¨¬¥¥âáï w ¤¢ãåí«¥¬¥­â­ëå á¢ï§®ª ¨ A2 \ T 2 (A1) = ?. �¥àè¨­ë ¨§ A2

®¡êï¢«ïîâáï ¢¥àå­¨¬¨ ­ã«ï¬¨ äã­ªæ¨¨ f . �®£« á­® «¥¬¬ ¬ 15.4 ¨ 15.7
¨§ [2] ç¨á«® ¢®§¬®¦­®áâ¥© ¤«ï ¢ë¡®à  ¯®¤¬­®¦¥áâ¢  A2  á¨¬¯â®â¨ç¥áª¨
à ¢­® ¢¥«¨ç¨­¥

pv�w

(v � 2w)!w!

�
1

8

�
n2 � 1

��w

exp

�
�v

2n2 + rv (n2 + 4n+ 3)

8p

�
:

(c) �á­®, çâ® ¥á«¨ A1 ¨ A2 ã¦¥ ¢ë¡à ­ë, â® ¢ En;(n�1)=2 ¨¬¥¥âáï
r(n + 3)=2 � s ­ ¡®à®¢, ¢ ª®â®àëå äã­ªæ¨ï f à ¢­  1, ¨ v (n+ 1) =2 �
w ­ ¡®à®¢, ¢ ª®â®àëå äã­ªæ¨ï f à ¢­  0. �®íâ®¬ã áà¥¤¨

�
n

(n�1)=2

� �
r (n + 3) =2�v (n+ 1) =2+s+w ¢¥àè¨­ ¬­®¦¥áâ¢  En;(n�1)=2 á«¥¤ã¥â ¢ë-
¡à âì ¯®¤¬­®¦¥áâ¢® A3, á®áâ®ïé¥¥ ¨§ z� r (n+ 3) =2+ s ­¨¦­¨å ¥¤¨­¨æ
äã­ªæ¨¨ f . �¨á«® ¢®§¬®¦­®áâ¥© ¤«ï ¢ë¡®à  ¯®¤¬­®¦¥áâ¢  A3 à ¢­®�

p� r (n+ 3) =2� v (n+ 1) =2 + s+ w

z � r (n + 3) =2 + s

�
:
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(d) � ¦¤ ï ¢¥àè¨­  ¢ En;(n�1)=2, ª®â®à ï ­¥ ¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ-
¢ã T 2 (A1) [ T 1 (A3) [A2, ®¡êï¢«ï¥âáï ­¨¦­¥© ¥¤¨­¨æ¥© äã­ªæ¨¨ f .

�§ (a){(d)á«¥¤ã¥â, çâ® ¯à¨ n!1��M1
0;1 (n; r; z; v; s;w)

�� � �p� r (n + 3) =2� v (n + 1) =2 + s+ w

z � r (n+ 3) =2 + s

�
�
�
1

8

�
n2 � 9

��s�
1

8

�
n2 � 1

��w
mr�spv�w

(r � 2s)!s! (v � 2w)!w!

� exp

�
�r

2n2

8m
� v2n2 + rv (n2 + 4n+ 3)

8p

�
: (3.3)

� ª ¢ á«ãç ¥ ç¥â­ëå n ã¡¥¦¤ ¥¬áï ¢ â®¬, çâ®

1

(r � 2s)!
� r2s1

r!
;

1

(v � 2w)!
� v2w1

v!
; (3.4)

exp

�
�r

2n2

8m
� v2n2 + rv (n2 + 4n+ 3)

8p

�
� exp

�
�r

2
1n

2

8m
� v21n

2 + r1v1 (n
2 + 4n+ 3)

8p

�
� exp

�
�3mn2

2n+6
� pn2

2n+4
� mn

2n+3

�
; (3.5)�

p� r (n+ 3) =2� v (n + 1) =2 + s+ w

z � r (n+ 3) =2 + s

�
�
�
p� r (n + 3) =2� v (n + 1) =2

z � r (n+ 3) =2

�
2s+w: (3.6)

�®¤áâ ¢¨¢ (3.4){(3.6) ¢ (3.3) ¨ ¢®á¯®«ì§®¢ ¢è¨áì (3.2), ¯à¨ n ! 1 ¯®-
«ãç ¥¬��M1

0;1 (n; r; z; v)
�� � �p� r (n + 3) =2� v (n + 1) =2

z � r (n+ 3) =2

�
mrpv

r!v!

� exp

�
�3mn2

2n+6
� pn2

2n+4
� mn

2n+3

�

�
n4X
s=0

�
1

4

�
n2 � 9

��s
r2s1
s!ms

n4X
w=0

�
1

4

�
n2 � 1

��w
v2w1
w!pw

:
(3.7)

� á¢®î ®ç¥à¥¤ì,
n4X
s=0

�
1

4

�
n2 � 9

��s
r2s1
s!ms

n4X
w=0

�
1

4

�
n2 � 1

��w
v2w1
w!pw

� exp

�
(n2 � 9) r21

4m
+
(n2 � 1) v21

4p

�
� exp

�
mn2

2n+5
+

pn2

2n+3

�
: (3.8)
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�§ (3.7) ¨ (3.8) á«¥¤ã¥â, çâ®��M1
0;1 (n; r; z; v)

�� � �p� r (n+ 3) =2� v (n+ 1) =2

z � r (n + 3) =2

�
� mrpv

r!v!
exp

�
�mn2

2n+6
� mn

2n+3
+

pn2

2n+4

�
: (3.9)

�®á¯®«ì§®¢ ¢è¨áì à ¢¥­áâ¢®¬�
p� r (n+ 3) =2� v (n + 1) =2

z � r (n+ 3) =2

�
=

�
p� r1 (n+ 3) =2� v1 (n+ 1)=2� k (n+ 3) =2� t (n + 1) =2

z � r1 (n+ 3) =2� k (n+ 3) =2

�
;

¯à¨ k > 0 ¨ t > 0 ¨¬¥¥¬�
p� r (n+ 3) =2� v (n + 1) =2

z � r (n+ 3) =2

�
=

�
p� r1 (n+ 3) =2� v1 (n+ 1) =2

z � r1 (n+ 3) =2

�
�

k(n+3)=2�1Y
i=0

(z � r1 (n + 3) =2� i)

t(n+1)=2Y
i=1

(p� v1 (n+ 1) =2� z � i)

�

k(n+3)=2+t(n+1)=2�1Y
i=0

(p� r1 (n+ 3) =2� v1 (n + 1) =2� i) :

� á¢®î ®ç¥à¥¤ì, ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© â¥®à¥¬ë ¨ n!1 ¯®«ãç ¥¬

k(n+3)=2�1Y
i=0

(z � r1 (n+ 3) =2� i) � zk(n+3)=2 � (p=2)
k(n+3)=2

;

t(n+1)=2Y
i=1

(p� v1 (n+ 1) =2� z � i) � (p� z)
t(n+1)=2 � (p=2)

t(n+1)=2
;

k(n+3)=2+t(n+1)=2�1Y
i=0

(p� r1 (n+ 3) =2� v1 (n+ 1) =2� i) � pk(n+3)=2+t(n+1)=2:

�§ ¯®á«¥¤­¨å ç¥âëà¥å á®®â­®è¥­¨© á«¥¤ã¥â, çâ® ¯à¨ k > 0, t > 0
¨ n! 1�

p� r (n+ 3) =2� v (n + 1) =2

z � r (n+ 3) =2

�
�
�
p� r1 (n+ 3) =2� v1 (n+ 1) =2

z � r1 (n+ 3) =2

�
2�k(n+3)=2�t(n+1)=2: (3.10)
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�­ «®£¨ç­® ã¡¥¦¤ ¥¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨ (3.10) ¢ á«ãç ¥, ª®£¤  k > 0
¨ t 6 0, «¨¡® k 6 0. �§ (3.9) ¨ (3.10) á«¥¤ã¥â, çâ®

��M1
0;1 (n; r; z; v)

�� � �p� r1 (n + 3) =2� v1 (n+ 1) =2

z � r1 (n + 3) =2

�
� 2(r1�r)(n+3)=2+(v1�v)(n+1)=2

mrpv

r!v!
exp

�
�mn2

2n+6
� mn

2n+3
+

pn2

2n+4

�
: (3.11)

�®á¯®«ì§®¢ ¢è¨áì (1.9), (2.15) ¨ ä®à¬ã«®© �â¨à«¨­£ , ¯à¨ ¢ë¯®«-
­¥­¨¨ â¥®à¥¬ë ¯®«ãç ¥¬�

p� r1 (n+ 3) =2� v1 (n+ 1) =2

z � r1 (n+ 3) =2

�
�
�
p� r1 (n + 3) =2� v1 (n+ 1) =2

z1 + u

�
�
�
p� r1 (n+ 3) =2� v1 (n+ 1) =2

z1

�
� exp

��2u2= (p� r1 (n + 3) =2� v1 (n+ 1) =2)
�

�
r

2

�p
2p�r1(n+3)=2�v1(n+1)=2 exp

��2up�1� : (3.12)

�®¤áâ ¢¨¢ (3.12) ¢ (3.11), ¯®«ãç ¥¬

��M1
0;1 (n; r; z; v)

�� �r 2

�p
2p�r(n+3)=2�v(n+1)=2

mrpv

r!v!

� exp

�
�mn2

2n+6
� mn

2n+3
+

pn2

2n+4
� 2u2

p

�
:

� «¥¥, ª ª ¯à¨ ãáâ ­®¢«¥­¨¨ (2.17), ã¡¥¦¤ ¥¬áï ¢ â®¬, çâ®

r! � p2�r1rr1 exp
�
k2

2r1
� r1

�
; v! � p2�v1vv1 exp

�
t2

2v1
� v1

�
:

�§ ¯®á«¥¤­¨å âà¥å á®®â­®è¥­¨© á«¥¤ã¥â, çâ®

��M1
0;1 (n; r; z; v)

���s 1

2�3
�

n
(n�1)=2

�
r1v1

2(
n

(n�1)=2)
�

m

r12(n+3)=2

�r �
p

v12(n+1)=2

�v

� exp

�
r1 + v1 � mn2

2n+6
� mn

2n+3
+

pn2

2n+4
� k2

2r1
� t2

2v1
� 2u2

p

�
: (3.13)
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�®«®¦¨¢�
n

(n � 3) =2

�
2�(n+3)=2 � r1 = �;

�
n

(n � 1) =2

�
2�(n+1)=2 � v1 = 
;

£¤¥ 0 6 � < 1 ¨ 0 6 
 < 1, ¨¬¥¥¬�
m

r12(n+3)=2

�r

=

�
m

2(n+3)=2 (m2�(n+3)=2 � �)

�r

= 1 �

�
1� �2(n+3)=2

m

�r

� exp

�
�r2(n+3)=2

m

�
� e�; (3.14)

�
p

v12(n+1)=2

�v

� e
 : (3.15)

�®¤áâ ¢¨¢ (3.14), (3.15) ¢ (3.13) ¨ ¢®á¯®«ì§®¢ ¢è¨áì (1.7), (1.2) ¨ (3.1),
¯®«ãç ¥¬

��M1
0;1 (n; r; z; v)

�� �s 1

2�3
�

n
(n�1)=2

�
r1v1

2(
n

(n�1)=2)

� exp

�
m

2(n+3)=2
+

p

2(n+1)=2
� mn2

2n+6
� mn

2n+3
+

pn2

2n+4
� k2

2r1
� t2

2v1
� 2u2

p

�
� 1

2

s
1

2�3
�

n
(n�1)=2

�
r1v1

jM (n)j exp
�
� k2

2r1
� t2

2v1
� 2u2

p

�

� 1

2

s
2n+1

�3
�

n
(n�1)=2

�3 jM (n)j exp
 
� 2(n+1)=2�

n
(n�3)=2

�k2 � 2(n�1)=2�
n

(n�1)=2

� t2 � 2u2�
n

(n�1)=2

�! :

�¥®à¥¬  2 ¤®ª § ­ .

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3 ¯® áãé¥áâ¢ã ­¥ ®â«¨ç ¥âáï ®â ¤®ª § -
â¥«ìáâ¢  â¥®à¥¬ë 2 ¨ ¯®íâ®¬ã ¯à¥¤®áâ ¢«ï¥âáï ç¨â â¥«î.

� ¬¥ç ­¨¥ 2. �ãáâì n ­¥ç¥â­®. �®£¤  ¨§ ®¯à¥¤¥«¥­¨ï ¬­®¦¥áâ¢
M1

0;1(n), M
1
0;2(n), M

1
0;1(n; r; z; v) ¨ M1

0;2(n; r; z; v) á«¥¤ã¥â, çâ®

M1
0;1 (n) =

[
jkj6n2n=4

[
juj6n2n=2

[
jtj6n2n=4

M1
0;1 (n; r1 + k; z1 + u; v1 + t) ;

(3.16)

M1
0;2 (n) =

[
jkj6n2n=4

[
juj6n2n=2

[
jtj6n2n=4

M1
0;2 (n; r2 + k; z2 + u; v2 + t) :

(3.17)
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�®«ì§ãïáì (3.16) ¨ â¥®à¥¬®© 2, ¯®«ãç ¥¬

��M1
0;1 (n)

�� � 1

2

s
2n+1

�3
�

n
(n�1)=2

�3 jM (n)j
X

jkj6n2n=4

X
juj6n2n=2

�
X

jtj6n2n=4

exp

(
� 2(n+1)=2�

n
(n�3)=2

�k2 � 2(n�1)=2�
n

(n+1)=2

� t2 � 2u2�
n

(n�1)=2

�)

� 1

2

s
2n+1

�3
�

n
(n�1)=2

�3 jM (n)j
1Z

�1

1Z
�1

1Z
�1

exp

(
� 2(n+1)=2�

n
(n�3)=2

�x2
� 2(n�1)=2�

n
(n+1)=2

�y2 � 2z2�
n

(n�1)=2

�)dxdydz � 1

2
jM (n)j :

� «¥¥, ¯®«ì§ãïáì (3.17) ¨ â¥®à¥¬®© 3,  ­ «®£¨ç­® ã¡¥¦¤ ¥¬áï ¢ â®¬, çâ®��M1
0;2 (n)

�� � 1

2
jM (n)j :

�§ ¯®á«¥¤­¨å ¤¢ãå á®®â­®è¥­¨© ¨ (1.6) á«¥¤ã¥â, çâ®��M1
0 (n)

�� � jM (n)j :
�®«ì§ãïáì íâ¨¬ ä ªâ®¬ ¨ (1.3), ¯®«ãç ¥¬��M1

0 (n)
�� � jM0 (n)j � jM (n)j ;

â. ¥. ¯à¨ ­¥ç¥â­ëå n ¯®çâ¨ ¢á¥ äã­ªæ¨¨ ¨§ M0(n) ¨ ¯®çâ¨ ¢á¥ äã­ªæ¨¨
¨§ M(n) ï¢«ïîâáï á¯¥æ¨ «ì­ë¬¨.

4. �â â¨áâ¨ç¥áª¨¥ á¢®©áâ¢  áâ¥ª®¢ëå ä¨«ìâà®¢

�§¢¥áâ­® ­¥áª®«ìª® ®¯à¥¤¥«¥­¨© áâ¥ª®¢ëå ä¨«ìâà®¢. �ë ¢®á¯®«ì-
§ã¥¬áï á«¥¤ãîé¨¬ ®¯à¥¤¥«¥­¨¥¬. �ãáâì X = (X1; X2; : : : ; Xn) | ¢¥-
é¥áâ¢¥­­®§­ ç­ë© ¢¥ªâ®à ­ ¡«î¤¥­¨©, ­ å®¤ïé¨åáï ¢ ®ª­¥ ä¨«ìâà .
�®£¤  áâ¥ª®¢ë© ä¨«ìâà S(X) ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

S(X) = max fminfXj j j 2 P1g; : : : ;minfXj j j 2 PKgg ;
£¤¥ Pi � f0; 1; 2; � � � ; ng, i = 1; � � � ; K; ¨ X0 � 1. �«¥¤®¢ â¥«ì­®, ¬­®-
¦¥áâ¢  P1; : : : ; PK ¯®«­®áâìî ®¯à¥¤¥«ïîâ áâ¥ª®¢ë© ä¨«ìâà. �á­®, çâ®
¢ ®¡é¥¬ á«ãç ¥ ®¯¥à æ¨¨ max ¨ min ï¢«ïîâáï ®¡®¡é¥­¨ï¬¨ ®¯¥à æ¨©
¤¨§êî­ªæ¨¨ ¨ ª®­êî­ªæ¨¨ ¢ ¡¨­ à­®¬ á«ãç ¥. � íâ®¬ á«ãç ¥ áâ¥ª®¢ë©
ä¨«ìâà § ¤ ¥âáï ¬®­®â®­­®© ¡ã«¥¢®© äã­ªæ¨¥©.
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�§¢¥áâ­®, çâ® ¥á«¨ ¨á¯®«ì§®¢ âì â ª ­ §ë¢ ¥¬®¥ ¯®à®£®¢®¥ à §«®¦¥-
­¨¥ [7], â® ¨áá«¥¤®¢ ­¨¥ áâ â¨áâ¨ç¥áª¨å ¨ ¤¥â¥à¬¨­¨à®¢ ­­ëå á¢®©áâ¢
áâ¥ª®¢ëå ä¨«ìâà®¢ ¢ ®¡é¥¬ á«ãç ¥ ¬®¦­® á¢¥áâ¨ ª ¨§ãç¥­¨î áâ¥ª®¢ëå
ä¨«ìâà®¢, § ¤ ­­ëå ¬®­®â®­­ë¬¨ ¡ã«¥¢ë¬¨ äã­ªæ¨ï¬¨.

� ¯à¨¬¥à, à áá¬®âà¨¬ å®à®è® ¨§¢¥áâ­ë© ¬¥¤¨ ­­ë© ä¨«ìâà, ¢¢¥-
¤¥­­ë© ¢ [13, p. 210]. �á«¨ à §¬¥à ®ª­  à ¢¥­ 3, â. ¥. X = (X1; X2; X3),
â® ®¯¥à æ¨¥© ä¨«ìâà æ¨¨ ï¢«ï¥âáï ®¯¥à æ¨ï

MED(X) = maxfminfX1; X2g;minfX2; X3g;minfX1; X3gg:
�â  ®¯¥à æ¨ï § ¤ ¥âáï ¬®­®â®­­®© ¡ã«¥¢®© äã­ªæ¨¥©

f (x1; x2; x3) = x1x2 _ x2x3 _ x1x3:

�¤­®© ¨§ ¯à¨ç¨­, ¯® ª®â®à®© áâ¥ª®¢ë¥ ä¨«ìâàë ¯®«ãç¨«¨ ¯®¯ã«ïà-
­®áâì, ï¢«ï¥âáï ­ «¨ç¨¥ à §«¨ç­ëå ®¯â¨¬¨§ æ¨®­­ëå ¯à®æ¥¤ãà. �â¨
¯à®æ¥¤ãàë ¯®§¢®«ïîâ ­ ©â¨ áâ¥ª®¢ë© ä¨«ìâà, ª®â®àë© ã¤®¢«¥â¢®àï¥â
­¥ª®â®àë¬ áâ â¨áâ¨ç¥áª¨¬ ¨ áâàãªâãà­ë¬ ®£à ­¨ç¥­¨ï¬ ¨ ­ ¨«ãçè¨¬
®¡à §®¬ ¯®¤ ¢«ï¥â èã¬ [12].

�â â¨áâ¨ç¥áª¨¥ á¢®©áâ¢  áâ¥ª®¢ëå ä¨«ìâà®¢ ¬®£ãâ ¡ëâì ®å à ªâ¥-
à¨§®¢ ­ë ¯®áà¥¤áâ¢®¬ ¢¥à®ïâ­®áâ¥© ¢ë¡®à  à ­£®¢, ®¯à¥¤¥«ï¥¬ëå á«¥-
¤ãîé¨¬ ®¡à §®¬. �ãáâì ¢å®¤­®© ¢¥ªâ®à X á®áâ®¨â ¨§ ­¥§ ¢¨á¨¬ëå
¨ ®¤¨­ ª®¢® à á¯à¥¤¥«¥­­ëå á«ãç ©­ëå ¢¥«¨ç¨­. �à¥¤¯®«®¦¨¬, çâ®
X1; X2; : : : ; Xn ã¯®àï¤®ç¥­ë ¢ ¯®àï¤ª¥ ­¥ã¡ë¢ ­¨ï ¨ i-© ç«¥­ ¢ íâ®¬
ã¯®àï¤®ç¥­¨¨ ®¡®§­ ç¥­ ç¥à¥§ X(i). � íâ®¬ á«ãç ¥ X(i) ­ §ë¢ ¥âáï i-©
¯®àï¤ª®¢®© áâ â¨áâ¨ª®©.

� ª ª ª ¢ëå®¤ áâ¥ª®¢®£® ä¨«ìâà  ¢á¥£¤  á®¢¯ ¤ ¥â á ®¤­¨¬ ¨§ ¥£®
¢å®¤®¢, â® ¢¥«¨ç¨­ 

pi = Pr
�
S(X) = X(i)

	
; 1 6 i 6 n;

­ §ë¢ ¥âáï ¢¥à®ïâ­®áâìî ¢ë¡®à  i-£® à ­£  [11].
�§ íâ¨å ¢¥à®ïâ­®áâ¥© ¬®¦­® ¨§¢«¥çì ¢ ¦­ãî ¨­ä®à¬ æ¨î ® çã¢-

áâ¢¨â¥«ì­®áâ¨ ä¨«ìâà  ª ªà âª®¢à¥¬¥­­ë¬ ¢á¯«¥áª ¬ ­  ¥£® ¢å®¤¥. � -
¯à¨¬¥à, ¥á«¨ ¬¥¤¨ ­­ë© ä¨«ìâà ¨¬¥¥â ®ª­® à §¬¥à  n = 2k + 1, â®
pk+1 = 1 ¨ pi = 0 ¯à¨ i = 1; : : : ; k; k + 2; : : : ; n. �«¥¤®¢ â¥«ì­®, «î¡®©
¢á¯«¥áª ­  ¢å®¤¥ â ª®£® ä¨«ìâà  ­¥ ¯®ï¢¨âáï ­  ¥£® ¢ëå®¤¥.

�¥¯¥àì ¯¥à¥ä®à¬ã«¨àã¥¬ ®á­®¢­ë¥ à¥§ã«ìâ âë ­ áâ®ïé¥© áâ âì¨
¢ â¥à¬¨­ å ¢¥à®ïâ­®áâ¥© ¢ë¡®à  à ­£®¢. � ¦¤®© ¬®­®â®­­®© ¡ã«¥¢®©
äã­ªæ¨¨ f ®â n ¯¥à¥¬¥­­ëå ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ç¨á«  A1; A2; : : : ;
An â ª¨¥, çâ®

Ai =
���e� 2 En;i j f (e�) = 0

	�� :
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�§¢¥áâ­® [9], çâ®

pi =
An�i�

n
n�i

� � An�i+1�
n

n�i+1

� ; 1 6 i 6 n: (4.1)

�¥ªâ®à p = (p1; : : : ; pn) ­ §ë¢ ¥âáï ¢¥ªâ®à®¬ ¢¥à®ïâ­®áâ¥© ¢ë¡®à 
à ­£®¢.

�§ § ¬¥ç ­¨© 1 ¨ 2 «¥£ª® á«¥¤ã¥â

� ¬¥ç ­¨¥ 3. �¥ªâ®àë ¢¥à®ïâ­®áâ¥© ¢ë¡®à  à ­£®¢ ¤«ï ¯®çâ¨ ¢á¥å
áâ¥ª®¢ëå ä¨«ìâà®¢ á ®ª­®¬ à §¬¥à  n ¯à¨ n!1 ¨¬¥îâ ¢¨¤

p =
�
0; : : : ; 0; pn=2�1; pn=2; pn=2+1; pn=2+2; 0; : : : ; 0

�
;

¥á«¨ n ç¥â­®, ¨ «¨¡®

p =
�
0; � � � ; 0; p(n�1)=2; p(n+1)=2; p(n+3)=2; p(n+5)=2; 0; � � � ; 0

�
;

«¨¡®

p =
�
0; � � � ; 0; p(n�3)=2; p(n�1)=2; p(n+1)=2; p(n+3)=2; 0; � � � ; 0

�
;

¥á«¨ n ­¥ç¥â­®.
�§ íâ®£® § ¬¥ç ­¨ï ¢¨¤­®, ¯®ç¥¬ã ¬­®£¨¥ áâ¥ª®¢ë¥ ä¨«ìâàë ï¢«ï-

îâáï ­¥çã¢áâ¢¨â¥«ì­ë¬¨ ª ¢á¯«¥áª ¬ ­  á¢®¨å ¢å®¤ å. �¥©áâ¢¨â¥«ì­®,
¯®çâ¨ ¢á¥ áâ¥ª®¢ë¥ ä¨«ìâàë ®â¡à áë¢ îâ ¢á¥ ¯®àï¤ª®¢ë¥ áâ â¨áâ¨ª¨
§  ¨áª«îç¥­¨¥¬ ç¥âëà¥å áà¥¤­¨å.

�â¨ ­¥­ã«¥¢ë¥ ¢¥à®ïâ­®áâ¨ ¢ë¡®à  áâ â¨áâ¨ª ®¡®§­ ç¨¬ ç¥à¥§ p1;
p2; p3; p4. �à¨ ç¥â­ëå n ¨¬¥¥¬

p1 = pn=2�1; p2 = pn=2; p3 = pn=2+1; p4 = pn=2+2:

�à¨ ­¥ç¥â­ëå n, ª ª ¨ ¢ëè¥, ¢®§¬®¦­ë ¤¢  á«ãç ï:

p1 = p(n�1)=2; p2 = p(n+1)=2; p3 = p(n+3)=2; p4 = p(n+5)=2

¨«¨

p1 = p(n�3)=2; p2 = p(n�1)=2; p3 = p(n+1)=2; p4 = p(n+3)=2:

�á«¨ n ç¥â­®, â® ç¥à¥§ F0 (n; p1; p2; p3; p4) ®¡®§­ ç¨¬ ¢¥à®ïâ­®áâì â®£®,
çâ® á«ãç ©­® ¢ë¡à ­­ë© áâ¥ª®¢ë© ä¨«ìâà á ®ª­®¬ à §¬¥à  n (¯à¥¤¯®-
« £ ¥âáï, çâ® ¢á¥ ¨áå®¤ë à ¢­®¢¥à®ïâ­ë) ¨¬¥¥â ç¥âëà¥ ­¥­ã«¥¢ë¥ ¢¥à®-
ïâ­®áâ¨ ¢ë¡®à  à ­£®¢, à ¢­ë¥ p1; p2; p3; p4.

�¡¥¤¨¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨ á«¥¤ãîé¥£® ãâ¢¥à¦¤¥­¨ï.
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�¥®à¥¬  4. �ãáâì n ç¥â­®, ¨ ¯ãáâì

p1 = pn=2�1 =
1

2n=2+1
+
t+O (1)�

n
n=2�1

� ;

p2 = pn=2 =
1

2
� 1

2n=2+1
� u�

n
n=2

� � t+ O (1)�
n

n=2+1

� ;

p3 = pn=2+1 =
1

2
� 1

2n=2+1
+

u�
n
n=2

� � k +O (1)�
n

n=2�1

� ;

p4 = pn=2+2 =
1

2n=2+1
+
k + O (1)�

n
n=2�1

�
áãâì ­¥­ã«¥¢ë¥ ¢¥à®ïâ­®áâ¨ ¢ë¡®à  à ­£®¢, ¯à¨ç¥¬ ¢ ª ¦¤®¬ á«ãç ¥

jO (1)j < 2. �®£¤  ¯à¨ «î¡ëå k; t ¨ u â ª¨å, çâ® jkj 6 n2n=4, jtj 6 n2n=4,
juj 6 n2n=2, ¨ n!1 á¯à ¢¥¤«¨¢® á®®â­®è¥­¨¥

F0

�
n; p1; p2; p3; p4

� �s 2n+1

�3
�

n
n=2

�3 exp
(
� 2n=2�

n
n=2�1

� �k2 + t2
�� 2u2�

n
n=2

�) :

�®ª § â¥«ìáâ¢®. �á¯®¬­¨¬, çâ® ¢ â¥®à¥¬¥ 1 ¬®­®â®­­ ï ¡ã«¥¢ 
äã­ªæ¨ï f ¨¬¥¥â r ­¨¦­¨å ¥¤¨­¨æ ¢ En;n=2�1, v ¢¥àå­¨å ­ã«¥© ¢ En;n=2+1

¨ f à ¢­  1 ­  z ­ ¡®à å ¨§ En;n=2. �®«®¦¨¢ r = r0 + k, v = v0 + t
¨ z = z0 + u, £¤¥ r0; v0 ¨ z0 ¢§ïâë ¨§ (1.4), ¯®«ãç ¥¬

r = r0 + k =

�
n

n=2� 1

�
2�n=2�1 + k + O (1) =

�
n

n=2� 1

�
�An=2�1;

v = v0 + t =

�
n

n=2 + 1

�
2�n=2�1+ t+ O (1) = An=2+1;

z = z0 + u =
1

2

�
n

n=2

�
+ u+O (1) =

�
n

n=2

�
� An=2:

�«¥¤®¢ â¥«ì­®,

An=2�1 =

�
n

n=2� 1

�
�
�

n

n=2� 1

�
2�n=2�1� k +O (1) ;

An=2 =
1

2

�
n

n=2

�
� u+ O (1) ;

An=2+1 =

�
n

n=2 + 1

�
2�n=2�1 + t +O (1) :
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�®á¯®«ì§®¢ ¢è¨áì íâ¨¬¨ à ¢¥­áâ¢ ¬¨, ¯®á«¥ â®¦¤¥áâ¢¥­­ëå ¯à¥®¡à §®-
¢ ­¨© ¯®«ãç ¥¬

p1 = pn=2�1 =
An=2+1�

n
n=2+1

� � An=2+2�
n

n=2+2

� = An=2+1�
n

n=2+1

� = 1

2n=2+1
+
t +O (1)�

n
n=2+1

� ;

p2 = pn=2 =
An=2�

n
n=2

� � An=2+1�
n

n=2+1

� = 1

2
� 1

2n=2+1
� u�

n
n=2

� � t +O (1)�
n

n=2+1

� ;

p3 = pn=2+1 =
An=2�1�

n
n=2�1

� � An=2�
n
n=2

� = 1

2
� 1

2n=2+1
+

u�
n
n=2

� � k +O (1)�
n

n=2�1

� ;

p4 = pn=2+2 =
An=2�2�

n
n=2�2

� � An=2�1�
n

n=2�1

� = 1

2n=2+1
+
k +O (1)�

n
n=2�1

� :

�á­®, çâ® ¢® ¢á¥å á«ãç ïå jO (1)j < 2,   p1; p2; p3; p4 ¨¬¥îâ ¢¨¤, ãª -
§ ­­ë© ¢ ãá«®¢¨¨ ¤®ª §ë¢ ¥¬®© â¥®à¥¬ë. � ª ª ª k, t ¨ u ã¤®¢«¥â¢®-
àïîâ ãá«®¢¨î â¥®à¥¬ë 1, â® ¬®¦­® ¢®á¯®«ì§®¢ âìáï  á¨¬¯â®â¨ª®© ¤«ï
jM1

0 (n; r; z; v)j ¨§ íâ®© â¥®à¥¬ë. �®¤¥«¨¢ íâã  á¨¬¯â®â¨ªã ­  ç¨á«® ¢á¥å
áâ¥ª®¢ëå ä¨«ìâà®¢ á ®ª­®¬ à §¬¥à  n, â. ¥. ­  ¢¥«¨ç¨­ã jM (n)j, ¯®«ã-
ç ¥¬ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 4.

�¥¯¥àì à áá¬®âà¨¬ á«ãç ©, ª®£¤  n ­¥ç¥â­®. �¡®§­ ç¨¬ ç¥à¥§
F1 (n; p

1; p2; p3; p4) ¢¥à®ïâ­®áâì â®£®, çâ® á«ãç ©­® ¢ë¡à ­­ë© áâ¥ª®¢ë©
ä¨«ìâà á ®ª­®¬ à §¬¥à  n ¨¬¥¥â â®«ìª® á«¥¤ãîé¨¥ ­¥­ã«¥¢ë¥ ¢¥à®ïâ-
­®áâ¨ ¢ë¡®à  à ­£®¢:

p1 = p(n�1)=2; p2 = p(n+1)=2; p3 = p(n+3)=2; p4 = p(n+5)=2:

� ª®­¥æ, ¯ãáâì F2 (n; p1; p2; p3; p4) ®¡®§­ ç ¥â ¢¥à®ïâ­®áâì â®£®, çâ® á«ã-
ç ©­® ¢ë¡à ­­ë© áâ¥ª®¢ë© ä¨«ìâà á ®ª­®¬ à §¬¥à  n ¨¬¥¥â â®«ìª® á«¥-
¤ãîé¨¥ ­¥­ã«¥¢ë¥ ¢¥à®ïâ­®áâ¨ ¢ë¡®à  à ­£®¢:

p1 = p(n�3)=2; p2 = p(n�1)=2; p3 = p(n+1)=2; p4 = p(n+3)=2:

�¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï.

�¥®à¥¬  5. �ãáâì n ­¥ç¥â­®, ¨ ¯ãáâì

p1 = p(n�1)=2 =
1

2(n+1)=2
+
t+ O (1)�

n
(n+1)=2

� ;
p2 = p(n+1)=2 =

1

2
+

n� 5

2(n+7)=2
� u�

n
(n�1)=2

� � t +O (n)�
n

(n+1)=2

� ;
p3 = p(n+3)=2 =

1

2
� n+ 7

2(n+7)=2
+

u�
n

(n�1)=2

� � k +O (n)�
n

(n�3)=2

� ;
p4 = p(n+5)=2 =

1

2(n+3)=2
+
k +O (1)�

n
(n�3)=2

�
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áãâì ­¥­ã«¥¢ë¥ ¢¥à®ïâ­®áâ¨ ¢ë¡®à  à ­£®¢, ¯à¨ç¥¬ ¢áî¤ã jO (1)j < 2
¨ jO (n)j < 2n. �®£¤  ¯à¨ «î¡ëå k; t ¨ u â ª¨å, çâ® jkj 6 n2n=4, jtj 6
n2n=4, juj 6 n2n=2, ¨ n!1 á¯à ¢¥¤«¨¢® á®®â­®è¥­¨¥

F1

�
n; p1; p2; p3; p4

� � 1

2

s
2n+1

�3
�

n
(n�1)=2

�3
� exp

(
� 2(n+1)=2�

n
(n�3)=2

�k2 � 2(n�1)=2�
n

(n+1)=2

� t2 � 2u2�
n

(n�1)=2

�) :

�¥®à¥¬  6. �ãáâì n ­¥ç¥â­®, ¨ ¯ãáâì

p1 = p(n�3)=2 =
1

2(n+3)=2
+
t +O (1)�

n
(n+3)=2

� ;
p2 = p(n�1)=2 =

1

2
� n+ 7

2(n+7)=2
� u�

n
(n+1)=2

� � t+ O (n)�
n

(n+3)=2

� ;
p3 = p(n+1)=2 =

1

2
+

n � 5

2(n+7)=2
+

u�
n

(n+1)=2

� � k + O (n)�
n

(n�1)=2

� ;
p4 = p(n+3)=2 =

1

2(n+1)=2
+
k +O (1)�

n
(n�1)=2

�
áãâì ­¥­ã«¥¢ë¥ ¢¥à®ïâ­®áâ¨ ¢ë¡®à  à ­£®¢, ¯à¨ç¥¬ ¢áî¤ã jO (1)j < 2
¨ jO (n)j < 2n. �®£¤  ¯à¨ «î¡ëå k; t ¨ u â ª¨å, çâ® jkj 6 n2n=4, jtj 6
n2n=4, juj 6 n2n=2, ¨ n!1 á¯à ¢¥¤«¨¢® á®®â­®è¥­¨¥

F2

�
n; p1; p2; p3; p4

� � 1

2

s
2n+1

�3
�

n
(n�1)=2

�3
� exp

(
� 2(n�1)=2�

n
(n�1)=2

�k2 � 2(n+1)=2�
n

(n+3)=2

� t2 � 2u2�
n

(n�1)=2

�) :

�®ª § â¥«ìáâ¢  â¥®à¥¬ 5 ¨ 6  ­ «®£¨ç­ë. �®íâ®¬ã ¯à¨¢¥¤¥¬ ¤®ª -
§ â¥«ìáâ¢® â®«ìª® â¥®à¥¬ë 5.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 5. �á¯®¬­¨¬, çâ® ¢ â¥®à¥¬¥ 2 ¬®­®-
â®­­ ï ¡ã«¥¢  äã­ªæ¨ï f ¨¬¥¥â r ­¨¦­¨å ¥¤¨­¨æ ¢ En;(n�3)=2, v ¢¥àå-
­¨å ­ã«¥© ¢ En;(n+1)=2 ¨ f à ¢­  1 ­  z ­ ¡®à å ¨§ En;(n�1)=2. �®«®¦¨¢
r = r1 + k, v = v1 + t ¨ z = z1 + u, £¤¥ r1; v1 ¨ z1 ¢§ïâë ¨§ (1.7) ¨ (1.8),
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¯®«ãç ¥¬

r = r1 + k =

�
n

(n� 3) =2

�
2�(n+3)=2 + k +O (1) =

�
n

(n� 3) =2

�
�A(n�3)=2;

v = v1 + t =

�
n

(n+ 1) =2

�
2�(n+1)=2 + t+ O (1) = A(n+1)=2;

z = z1 + u =
1

2

�
n

(n� 1) =2

�
+
r1 (n+ 3)

4
� v1 (n + 1)

4
+ u+ O (1)

=
1

2

�
n

(n� 1) =2

�
+

�
n

(n�3)=2

�
(n+ 3)

2(n+7)=2
�
�

n
(n�1)=2

�
(n+ 1)

2(n+5)=2
+ u+O (1)

=
1

2

�
n

(n� 1) =2

�
�
�

n
(n�1)=2

�
(n+ 3)

2(n+7)=2
+ u+O (n)

=

�
n

(n � 1) =2

�
� A(n�1)=2:

�«¥¤®¢ â¥«ì­®,

A(n�3)=2 =

�
n

(n� 3) =2

�
�
�

n

(n � 3) =2

�
2�(n+3)=2 � k +O (1) ;

A(n�1)=2 =
1

2

�
n

(n� 1) =2

�
+

�
n

(n�1)=2

�
(n + 3)

2(n+7)=2
� u+ O (n) ;

A(n+1)=2 =

�
n

(n+ 1) =2

�
2�(n+1)=2 + t+ O (1) :

�®á¯®«ì§®¢ ¢è¨áì íâ¨¬¨ à ¢¥­áâ¢ ¬¨, ¯®á«¥ â®¦¤¥áâ¢¥­­ëå ¯à¥®¡à §®-
¢ ­¨© ¯®«ãç ¥¬

p1 = p(n�1)=2 =
A(n+1)=2�

n
(n+1)=2

� � A(n+3)=2�
n

(n+3)=2

� = A(n+1)=2�
n

(n+1)=2

� = 1

2(n+1)=2
+
t +O (1)�

n
(n+1)=2

� ;
p2 = p(n+1)=2 =

A(n�1)=2�
n

(n�1)=2

� � A(n+1)=2�
n

(n+1)=2

�
=

1

2
+

n+ 3

2(n+7)=2
� u�

n
(n�1)=2

� � 1

2(n+1)=2
� t+ O (n)�

n
(n+1)=2

�
=

1

2
+

n� 5

2(n+7)=2
� u�

n
(n�1)=2

� � t +O (n)�
n

(n+1)=2

� ;
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p3 = p(n+3)=2 =
A(n�3)=2�

n
(n�3)=2

� � A(n�1)=2�
n

(n�1)=2

�
=

1

2
� n + 7

2(n+7)=2
+

u�
n

(n�1)=2

� � k + O (n)�
n

(n�3)=2

� ;
p4 = p(n+5)=2 =

A(n�5)=2�
n

(n�5)=2

� � A(n�3)=2�
n

(n�3)=2

� = 1

2(n+3)=2
+
k + O (1)�

n
(n�3)=2

� :
�á­®, çâ® ¢® ¢á¥å á«ãç ïå jO (1)j < 2 ¨ jO (n)j < 2n,   p1; p2; p3; p4 ¨¬¥îâ
¢¨¤, ãª § ­­ë© ¢ ãá«®¢¨¨ ¤®ª §ë¢ ¥¬®© â¥®à¥¬ë. � ª ª ª k, t ¨ u ã¤®-
¢«¥â¢®àïîâ ãá«®¢¨î â¥®à¥¬ë 2, â® ¬®¦­® ¢®á¯®«ì§®¢ âìáï  á¨¬¯â®â¨-
ª®© ¤«ï

��M1
0;1 (n; r; z; v)

�� ¨§ íâ®© â¥®à¥¬ë. �®¤¥«¨¢ íâã  á¨¬¯â®â¨ªã ­ 
ç¨á«® ¢á¥å áâ¥ª®¢ëå ä¨«ìâà®¢ á ®ª­®¬ à §¬¥à  n, ¯®«ãç ¥¬ ãâ¢¥à¦¤¥­¨¥
â¥®à¥¬ë 5.
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�§ãç îâáï âà¨ ¬­®¦¥áâ¢  á¯¥æ¨ «ì­ëå ¬®­®â®­­ëå ¡ã«¥¢ëå äã­ªæ¨© ®â
n ¯¥à¥¬¥­­ëå: ®¤­® ¬­®¦¥áâ¢® ¯à¨ ç¥â­®¬ n ¨ ¤¢  ¬­®¦¥áâ¢  ¯à ­¥ç¥â­®¬
n. �â¨ ¬­®¦¥áâ¢  å à ªâ¥à¨§ãîâáï â¥¬, çâ® ­¨¦­¨¥ ¥¤¨­¨æë «î¡®© äã­ªæ¨¨
¨§ ®¤­®£® ¬­®¦¥áâ¢  à á¯®« £ îâáï ­  âà¥å ä¨ªá¨à®¢ ­­ëå á®á¥¤­¨å á«®ïå
n-¬¥à­®£® ¥¤¨­¨ç­®£® ªã¡  ¨ ã¤®¢«¥â¢®àïîâ ­¥ª®â®àë¬ ¤®¯®«­¨â¥«ì­ë¬ ®£à -
­¨ç¥­¨ï¬. � å®¤ïâáï  á¨¬¯â®â¨ª¨ ¤«ï ç¨á«  â ª¨å äã­ªæ¨© f ¨§ ª ¦¤®£®
¬­®¦¥áâ¢ , çâ® ¯à¨ ä¨ªá¨à®¢ ­­ëå âà¥å á«®ïå äã­ªæ¨ï f ¨¬¥¥â § ¤ ­­®¥ ç¨-
á«® ­¨¦­¨å ¥¤¨­¨æ ¢ ­¨¦­¥¬ á«®¥, § ¤ ­­®¥ ç¨á«® ¢¥àå­¨å ­ã«¥© ¢ ¢¥àå­¥¬ á«®¥
¨ à ¢­  1 ­  § ¤ ­­®¬ ç¨á«¥ ­ ¡®à®¢ áà¥¤­¥£® á«®ï. �®ª § ­®, çâ® ¯à¨ «î¡®¬
n!1 ç¨á«® ¢á¥å ¬®­®â®­­ëå ¡ã«¥¢ëå äã­ªæ¨© ®â n ¯¥à¥¬¥­­ëå  á¨¬¯â®â¨-
ç¥áª¨ á®¢¯ ¤ ¥â á ç¨á«®¬ á¯¥æ¨ «ì­ëå äã­ªæ¨© ®â n ¯¥à¥¬¥­­ëå. �®«ãç¥­­ë¥
 á¨¬¯â®â¨ª¨ ¨á¯®«ì§ãîâáï ¤«ï å à ªâ¥à¨§ æ¨¨ áâ â¨áâ¨ç¥áª¨å á¢®©áâ¢ áâ¥ª®-
¢ëå ä¨«ìâà®¢. �¨¡«¨®£à. 15.


