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1. Introduction

One of the most important breakthroughs in recent years in molecular
biology is microarray technology, which allows monitoring of gene expres-
sion at the transcript level for thousands of genes in parallel (Schena et
al., 1995; Celis et al., 2000). Even though mRNA is not the final product
of a gene, armed with the knowledge of gene transcript levels in various
cell types, under different developmental stages (Wen et al., 1998), and
under a variety of conditions, such as in response to specific stimuli (Iyer
et al., 1999; DeRisi et al., 1997), scientists can gain a deeper understand-
ing of the functional roles of genes, of the cellular processes in which they
participate, and of their regulatory interactions. Thus, gene expression
data for many cell types and organisms at multiple time points and ex-
perimental conditions are rapidly becoming available (Brazma and Vilo,
2000). In fact, the amounts of data typically gathered in experiments
call for computational methods and formal modeling in order to make
meaningful interpretations (Huang, 1999). The emerging view is that as
biology becomes a more quantitative science, modeling approaches will
become more and more usual (Brazma and Vilo, 2000).

One popular computational approach to gene expression analysis is to
compare gene expression profiles, that is, the dynamic behavior of genes
over time points or cell types, and to apply clustering (Eisen et al.,
1998; Ben-Dor and Yakhini, 1999) and data reduction and visualization
techniques such as the self-organizing map (Tamayo et al., 1999; Kaski
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et al., 2001) (also see Chapter 5) or principle components analysis (Alter
et al., 2000; Holter et al., 2000). An inherent assumption in many such
approaches is that if two gene profiles are similar, the respective genes
are co-regulated and possibly functionally related (Brazma and Vilo,
2000). Although this assumption does not always hold, such methods
can nevertheless be useful in uncovering important underlying mecha-
nisms in gene regulation. Another difficulty with these approaches is
that currently, there is no theory on how to choose the best distance
or similarity measure (Brazma and Vilo, 2000; Shmulevich and Zhang,
2002a) (e.g. correlation coefficient, rank/ordinal correspondence mea-
sures, various norms), and each one may lead to possibly very different
results. But perhaps a more fundamental criticism that such approaches
have received is that they are essentially “genocentric” to use a term of
Huang (1999), in that they focus on functions of individual genes.

In order to understand the nature of cellular function, it is necessary
to study the behavior of genes in a holistic rather than in an individual
manner. A significant role is played by the development and analysis of
mathematical and computational methods in order to construct formal
models of genetic interactions. This research direction provides insight
and a conceptual framework for an integrative view of genetic function
and regulation and paves the way toward understanding the complex
relationship between the genome and the cell. Moreover, this direction
has provided impetus for experimental work directed toward verification
of these models.

There have been a number of attempts to model gene regulatory net-
works, including linear models (van Someren et al., 2000; D’Haeseleer
et al., 1999), Bayesian networks (Murphy and Mian, 1999; Friedman et
al., 2000), and neural networks (Weaver et al., 1999). The model system
that has received, perhaps, the most attention is the so-called Random
Boolean Network model originally introduced by Kauffman (Kauffman,
1993), approximately thirty years ago. In this model, gene expression is
quantized to only two levels: ON and OFF. The expression level (state)
of each gene is functionally related to the expression states of some other
genes. These connections are represented by the network ‘wiring’.

Recent research seems to indicate that many realistic biological ques-
tions may be answered within the seemingly simplistic Boolean formal-
ism, which in essence emphasizes fundamental, generic principles rather
than quantitative biochemical details (Huang, 1999; Shmulevich and
Zhang, 2002a). Moreover, this is the only model system that has yielded
insights into the overall behavior of large genetic networks (Szallasi and
Liang, 1998; Wuensche, 1998). For example, the dynamic behavior of
such networks corresponds to and can be used to model many biologically
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meaningful phenomena, such as, for example cellular state dynamics,
possessing switch-like behavior, stability, and hysteresis (Huang, 1999).

Besides the conceptual framework afforded by such models, a num-
ber of practical uses may be reaped by inferring the structure of the
genetic models from experimental data, that is, from gene expression
profiles. One such use is the identification of suitable drug targets in
cancer therapy. To that end, much recent work has gone into identi-
fying the structure of gene regulatory networks from expression data
(Liang et al., 1998; Akutsu et al., 1999; Akutsu et al., 1998; Akutsu et
al., 2000; Shmulevich et al., 2002b).

Most of the work, however, has focused on the so-called Consistency
Problem, namely, the problem of determining whether there exists a
network that is consistent with the examples. While this problem is
important in computational learning theory, as it can be used to prove
the hardness of learning for various function classes, it may not be ap-
plicable in a realistic situation in which noisy observations or errors are
contained, as is the case with microarrays. Measurement errors can arise
in the data acquisition process or may be due to unknown latent factors.
A learning paradigm that can incorporate such inconsistencies is called
the Best-Fit Fxtension Problem. Essentially, the goal of this problem
is to establish a rule or in our case, network, that would make as few
misclassifications as possible.

In order for an inferential algorithm to be useful, it must be com-
putationally tractable. In this chapter, we consider the computational
complexity of the Best-Fit Extension Problem for the Random Boolean
Network model. We show that for many classes of Boolean functions,
the problem is polynomial-time solvable, implying its practical applica-
bility to real data analysis. We first review the necessary background
information on Random Boolean Networks and then discuss the Best-Fit
Extension Problem for Boolean functions and its complexity for Boolean
networks.

2. Boolean Networks

For consistency of notation with other related work, we will be us-
ing the same notation as in (Akutsu et al., 1999). A Boolean network
G (V,F) is defined by a set of nodes V' = {v;,...,v,} and a list of
Boolean functions F' = (f1,..., fn). A Boolean function f; (v;,,... ,vi,)
with k specified input nodes is assigned to node v;. In general, k could
be varying as a function of ¢, but we may define it to be a constant with-
out loss of generality as k = max; k(i) and allowing the unnecessary
variables (nodes) in each function to be fictitious. For a function f, the
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variable z; is fictitious if

f (xl, oo ,xi_l,O,miH, oo ,xn) =
f (331, cee s Li—1, 1,$¢+1, ce ,xn) s
forall z1,... ,2—1, Tit1,... ,Tn. A variable that is not fictitious is called

essential. We shall also refer to k as the indegree of the network. Each
node v; represents the state (expression) of gene i, where v; = 1 means
that gene ¢ is expressed and v; = 0 means it is not expressed. The list
of Boolean functions F' represents how genes regulate each other. That
is, any given gene transforms its inputs (regulatory factors that bind to
it) into an output, which is the state or expression of the gene itself.
All genes (nodes) are updated synchronously in accordance with the
functions assigned to them and this process is then repeated. The arti-
ficial synchrony simplifies computation while preserving the qualitative,
generic properties of global network dynamics (Huang, 1999; Kauffman,
1993; Wuensche, 1998).

To capture the dynamic nature of these networks, it is useful to con-
sider a ‘wiring diagram’ G’ (V' F") (Akutsu et al., 1999). Let k (i) be
the number of essential variables of function f; in F. We then construct
n additional nodes v}, ... ,v], and for each i = 1,... ,n, we draw an edge
from vy, to vg, for each 1 < j <k (i). Then, V' = {v1,... ,vp,vq,... , v}
and the list F’ is actually the same as F', but with the functions being

assigned to nodes v, ... , v, (with inputs from V') while the functions as-

y n
signed to vy, ... , v, are just the trivial identity functions, e.g. f (v;) = v;.
In other words, v, = fi(viy,... :”ik(i)) and thus, the expression pattern
{v1,... ,v,} corresponds to the states of the genes at time ¢ (INPUT)
and the pattern {v},...,v],} corresponds to the states of the genes at
time t+1 (OUTPUT). Collectively, the states of individual genes in the
genome form a gene activity profile (GAP) (Huang, 1999).

Consider the state space of a Boolean network with n genes. Then, the
number of possible GAPs is equal to 2". For every GAP, there is another
successor GAP into which the system transitions in accordance with its
structural rules as defined by the Boolean functions. Thus, there is a
directionality that is intrinsic to the dynamics of such systems. Conse-
quently, the system ultimately transitions into so-called attractor states.
The states of the system that flow into the same attractor state make
up a basin of attraction of that attractor (Wuensche, 1998). Sometimes,
the system periodically cycles between several limit-cycle attractors. It
is interesting to note that such behavior even exists for some infinite
networks (networks with an infinite number of nodes) (Moran, 1995),
such as those in which every Boolean function is the majority function.
Moreover, the convergence of a discrete dynamical system to attractors
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should be well known to many researchers from the area of non-linear
signal processing, where convergence to root signals has been studied for
many classes of digital filters (Gabbouj et al., 1992). Root signals are
those signals that are invariant to further processing by the same filter.
Some filters are known to reduce any signal to a root signal after a finite
number of passes while others possess cyclic behavior.

Although the large number of possible GAPs would seem to preclude
computer-based analysis, simulations show that for networks with low
connectivity, only a small number of GAPs actually correspond to at-
tractors (Kauffman, 1993). Since other GAPs are unstable, the system
is normally not found in those states unless perturbed. In fact, real ge-
netic regulatory networks, at least in bacteria, are known to have very
low connectivity (2 or 3) (Thieffry et al., 1998).

3. The Best-Fit Extension Problem

One of the central goals in the development of network models is
the inference of their structure from experimental data. In the strictest
sense, this task falls under the umbrella of computational learning the-
ory (Kearns and Vazirani, 1994). Essentially, we are interested in estab-
lishing “rules” or, in our case, Boolean functions by observing binary
INPUT/OUTPUT relationships. Thus, this task can also be viewed as
a system identification problem. One approach is to study the so-called
Consistency Problem, considered for Boolean networks in (Akutsu et al.,
1999).

The Consistency Problem is important in computational learning the-
ory (Valiant, 1984) and can be thought of as a search of a rule from ex-
amples. That is, given some sets T" and F' of “true” and “false” vectors,
respectively, we aim to discover a Boolean function f that takes on the
value 1 for all vectors in T" and the value 0 for all vectors in F. We may
also assume that the target function f is chosen from some class of possi-
ble target functions. One important reason for studying the complexity
of the consistency problem is its relation to the PAC approximate learn-
ing model of Valiant (Valiant, 1984). If the consistency problem for a
given class is NP-hard, then this class is not PAC-learnable. Moreover,
this would also imply that this class cannot be learned with equivalence
queries (Angluin, 1987).

Unfortunately, in realistic situations, we usually encounter errors that
may lead to inconsistent examples. This is no doubt the case for gene
expression profiles as measured from microarrays, regardless of how the
binarization is performed. In order to cope with such inconsistencies, we
can relax our requirement and attempt to establish a rule that makes
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the minimum number of misclassifications. This is called The Best-Fit
Extension Problem and has been extensively studied in (Boros et al.,
1998) for many function classes.

We now briefly define the problem for Boolean functions. The gener-
alization to Boolean networks is straightforward. A partially defined
Boolean function pdBf is defined by a pair of sets (T, F) such that
T,F C {0,1}", where T is the set of true vectors and F is the set
of false vectors. A function f is called an extension of pdBf(T, F) if
T CT(f)and F C F(f), where T(f) = {x € {0,1}": f(z) =1} and
F(f)={x€{0,1}": f(x) = 0}. Suppose that we are also given posi-
tive weights w (x) for all vectors € TUF and define w (S) = > g w ()
for a subset S C TUF (Boros et al., 1998). Then, the error size of func-
tion f is defined as

e(f)=w(TNF(f)+w(FNT(f)). (11.1)

If w(xz) =1 for all x € T U F, then the error size is just the number of
misclassifications. The goal is then to output subsets T and F™* such
that 7* N F* = () and T* U F* = T U F for which the pdBf(T*, F*)
has an extension in some class of functions C (chosen a priori) and so
that w (T* N F) +w (F* NT) is minimum. Consequently, any extension
f € C of pdBf(T™, F*) has minimum error size.

It is clear that the Best-Fit Extension Problem is computationally
more difficult than the Consistency Problem, since the latter is a spe-
cial case of the former, that is, when ¢(f) = 0. The computational
complexity of these problems has been studied for many function classes
in (Boros et al., 1998). For example, the Best-Fit Extension Problem
was proved to be polynomially solvable for all transitive classes and some
others, while for many classes including threshold, Horn, Unate, positive
self-dual, it was shown to be NP-hard.

It is important to note here that if the class C of functions is not
restricted (i.e. all Boolean functions), then an extension exists if and
only if T and F are disjoint. This can be checked in O (|T'| - |F'| - poly (n))
time, where poly(n) is the time needed to answer “is x = y?” for x € T,
y € F. This is precisely why attention has been focused on various
subclasses of Boolean functions.

For the case of Boolean networks, we are given n partially defined
Boolean functions defined by sets (71, F1),---,(Ty, Fy,). Since we are
making “genome-wide” observations, it follows that |Th U Fy| = -+ =
|T,, U F,,| = m. Given some class of functions C, we say that the network
G (V, F) is consistent with the observations if f; from F' is an extension
of pdBf(T;, F;), for all i. In (Akutsu et al., 1999) it was shown that when
C is the class of Boolean functions containing no more than %k essential
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variables (maximum indegree of the network), the Consistency Problem
is polynomially solvable in n and m. In fact, it turns out that if we
make no restriction whatsoever on the function class, the Consistency
Problem for Boolean networks is still polynomial-time solvable, because
for each node v;, all we need to do is check whether or not T; N F; = (.

For a restricted class C, we can say that if the Consistency Problem is
polynomially solvable for one Boolean function (i.e. one node), then it
is also polynomially solvable for the entire Boolean network, in terms of
n and m. The reason is that the time required to construct an extension
simply has to be multiplied by n - the number of nodes. For example,
as shown in (Akutsu et al., 1999), the time needed to construct one
extension from the class of functions with k essential variables (k fixed),

is O (221c -nk. m) because there are a total of 22* Boolean functions that

must be checked for each of the (Z) possible combinations of variables
and for m observations. Thus, the Consistency Problem for the entire

k

network can be solved in O (22k -nfem- n) time, for fixed k.

We now see that the same must hold true for the Best-Fit Extension
Problem as well. Consider again the class of functions with k essential
variables. Then, all we must do is calculate the error size € (f) for every
Boolean function f, for each of the (Z) possible combinations of variables,
over all m observations, and keep track of the minimum error size as well
as the corresponding function and its variables. To generalize this for
a Boolean network, we must simply repeat the process for every one
of the n nodes, essentially multiplying the time needed for obtaining a
best-fit extension by n. Consequently, the Best-Fit Extension Problem
is polynomial-time solvable for Boolean networks, when all functions
are assumed to have no more than k essential variables. Moreover, if
C is the class of all Boolean functions (i.e. no restrictions), then the
Best-Fit Extension Problem for Boolean networks can also be solved in
polynomial time by virtue of it being polynomially solvable for general
Boolean functions (see (Boros et al., 1998)). So, we can say the following:

Proposition 1 If it is known that the Best-Fit Extension Problem is
solvable in polynomial time in n and m for one Boolean function from
class C, then the Best-Fit Extension Problem has a polynomial time so-
lution for a Boolean network in which all functions belong to class C.

For example, it is known that for the class of monotone (positive)
Boolean functions, the Boolean function version of the Best-Fit Exten-
sion Problem is polynomially solvable (Boros et al., 1998). Then, it
immediately follows that the Boolean network version of the Best-Fit
Extension Problem is also polynomial-time solvable.
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Figure 11.1. Results from the first simulation. The x-axis shows the indegree k of the
network, which was used to obtain the original OUTPUT matrix. The y-axis shows
the absolute error (i.e. the number of wrong OUTPUTSs in the OUTPUT matrix of
the network, which was inferred with the Best-Fit method. In this figure, medians,
upper and lower quartiles, and extreme values are shown.

4. Simulation Analysis

The idea behind the following simulations was to computationally
assess the behavior of the error attained by the Best-Fit method, when
presented with given INPUT-OUTPUT pairs, as described in Section 3.

In the first simulation, networks with n = 15 (i.e. the number of
genes) were used. First, a network with indegree k (in this simulation
k varied from 1 to 15) was constructed. Then, 50 INPUTSs were cre-
ated randomly and the constructed network was used to produce 50
OUTPUTs, forming a so-called OUTPUT matrix. For example, for a
network with 15 genes, the OUTPUT matrix is of size 15 x 50. After
this, the Best-Fit method was used to infer a network from these 50
INPUT-OUTPUT pairs. For the error in Eq. (11.1), we used w (z) =1
for all vectors, thus simply counting the number of wrong OUTPUTs.

The inference was constrained so that the indegree of the inferred
network was set to be kk = 2. Another OUTPUT matrix was produced
from the inferred network with the same 50 INPUTs. After having
these two OUTPUT matrices, the error was calculated by comparing
the corresponding elements of these matrices. Every wrong OUTPUT
in the matrix that was derived from the inferred network increased the
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Figure 11.2. Results from the second simulation. The x-axis shows the number of
genes in the network. In this simulation, this is also the indegree of that network (i.e.
n = k). The y-axis shows the relative error; i.e. the number of wrong OUTPUTSs was
normalized by dividing it by the number of all OUTPUTSs. Medians, upper and lower
quartiles, and extreme values are presented.

error by one. Thus, because the OUTPUT matrices were of size 15 x 50,
the maximum error was 750.

To produce Figure 11.1, the procedure described above was repeated
250 times for each value of k. Thus, for each & we have 250 different
errors that were produced. The x-axis shows the indegree k that was
used to create the network that generated the original OUTPUT matrix.
The y-axis contains the absolute error, that is, the number of wrong
elements in the OUTPUT matrix generated by the inferred network.
The figure shows the median of the errors as well as the upper and the
lower quartiles. The outliers are also presented and are marked with a
‘+’ symbol. The figure indicates that the behavior of the error appears
to be logarithmic.

In the second simulation, we took a different approach. Rather than
having a fixed network size n, we set n = k for every indegree k. Then,
methods similar to those in the first simulation were used. For every k,
a network with n = k was constructed and 50 INPUTs were randomly
created. Then an OUTPUT matrix was produced from the constructed
network. At this point, the OUTPUT matrix was of size n x 50. As
before, the Best-Fit method was used to infer a network from these
INPUT-OUTPUT pairs, but under the constraint that the indegree was
fixed to be kk = 2. The number of wrong OUTPUTSs was calculated
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Figure 11.3. Results from the third simulation. The x-axis shows the propability p
(in this simulation 2%, 4%, 6%, ... , 98%, 100%) and the y-axis is the absolute error
(i.e. the number of wrong OUTPUTs in the OUTPUT-matrix). Medians, upper and
lower quartiles, and extreme values are presented.

as before. However, because for each k the OUTPUT matrix was of
a different size, the number of wrong OUTPUTs was normalized by
dividing by the number of all OUTPUTs (i.e., the percentage of wrong
OUTPUTSs was calculated). This way the errors in each network could
be compared.

To produce Figure 11.2, we repeated the procedure above 250 times.
The x-axis shows the network size n and the y-axis shows the relative
error. As in Figure 11.1, the medians, upper and lower quartiles, as well
as the extreme values are presented. As opposed to the first figure, the
behavior of the relative error seems to be linear rather than logarithmic.

Finally, we performed a third simulation designed to observe networks
that are inferred from noisy data. Such a situation was considered by
Akutsu et al. (2000), who proposed so-called noisy Boolean networks
together with an identification algorithm, in order to deal with noise
present in expression patterns. In that model, they relax the require-
ment of consistency intrinsically imposed by the Boolean functions. In
our simulation, we first constructed a network with n = 15 and k£ = 2.
Then 50 random INPUTSs were created and the corresponding 50 OUT-
PUTSs were derived from the constructed network. Then each bit (both
in the INPUT- and OUTPUT-matrix) was flipped with probability p.
After this the Best-Fit method was used to infer a network from these
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matrices. Having done that, another OUTPUT-matrix was derived from
the inferred network with the original INPUT-matrix (i.e., the matrix
which has no flipped bits). Finally, the error was calculated by compar-
ing the derived OUTPUT-matrix to the original OUTPUT-matrix. In
this simulation w(z) = 1 for every vector x so the error is simply the
number of wrong OUTPUTSs in the OUTPUT-matrix. The results from
this simulation are presented in Figure 11.3.

5. Conclusions

The ability to efficiently infer the structure of Boolean networks has
immense potential for understanding the regulatory interactions in real
genetic networks. We have considered a learning strategy that is well
suited for situations in which inconsistencies in observations are likely
to occur. This strategy produces a Boolean network that makes as few
misclassifications as possible and is a generalization of the well-known
Consistency Problem. We have focused on the computational complexity
of this problem. It turns out that for many function classes, the Best-
Fit Extension Problem for Boolean networks is polynomial-time solvable,
including those networks having bounded indegree and those in which no
assumptions whatsoever about the functions are made. This promising
result provides motivation for developing efficient algorithms for inferring
network structures from gene expression data.
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