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Design of Probabilistic Boolean Networks Under the
Requirement of Contextual Data Consistency

Edward R. Dougherty, Member, IEEE, and Yufei Xiao, Student Member, IEEE

Abstract—A key issue of genomic signal processing is the de-
sign of gene regulatory networks. A probabilistic Boolean network
(PBN) is composed of a family of Boolean networks. It stochas-
tically switches between its constituent networks (contexts). For
network design, connectivity and transition rules must be inferred
from data via some optimization criterion. Except rarely, the op-
timal rule for a gene will not be a perfect predictor because there
will be inconsistencies in the data. It would be natural to model
these inconsistencies to reflect changes in PBN contexts. If we as-
sume inconsistencies result from the data arising from a random
function, then design involves finding the realizations of a random
function and the probability mass on those realizations so that the
resulting random function best fits the data relative to the expec-
tation of its output and does so using a minimal number of realiza-
tions. We propose PBN design satisfying the biological assumption
that data are consistent within a context, for which the distribu-
tion of the network agrees with the empirical distribution of the
data, and such that this is accomplished with a minimal number
of contexts. The design also satisfies the biological constraint that,
because the network spends the great majority of time in its attrac-
tors, all data states should be attractor states in the model.

Index Terms—Data consistency, gene regulatory network,
graphical model, network inference.

I. INTRODUCTION

PROBABILISTIC Boolean networks (PBNs) represent an
interface between the determinism of Boolean networks

and the probabilistic nature of Bayesian networks by incorpo-
rating rule-based uncertainty [15]. This compromise is impor-
tant because rule-based dependencies between genes are bio-
logically meaningful, while mechanisms for handling uncer-
tainty are conceptually and empirically necessary. The binary
(Boolean) nature of PBNs has been assumed so as to model
ON–OFF switching behavior, but their structure extends easily
to any discrete (multi-valued) setting, thereby yielding a general
framework for probabilistic gene regulatory networks (PGRNs),
which, owing to the multivariate logical character of their rules,
are also typically referred to as PBNs. The dynamics of these
networks can be studied in the probabilistic context of Markov
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chains, thereby facilitating steady-state analysis. PBNs offer the
potential to design treatment strategies based on the applica-
tion of external control variables to drive network dynamics
[16], [12].

A key issue is network design (inference) from data [1], [11].
Network connectivity and transition rules must be inferred, with
perhaps the imposition of biological constraints [19]. When
building function-based gene networks from expression data,
the functions are typically derived via some optimization-based
criterion. This requires determining, for each gene , the genes
that will serve as input to the function giving the value of
and the structure of the function. The original method proposed
for PBNs is based on the coefficient of determination [15].
Other methods have been proposed, including optimizing the
connectivity of the network according to the data in a Bayesian
framework [22].

Except in rare circumstances, the optimal function for a gene
will not be a perfect predictor because there will be inconsis-
tencies in the data. This means that a specific vector of values
for a set of regulatory genes will not necessarily correspond to
a single value of the target gene. Thus, network design is inher-
ently probabilistic. In this paper, we model inconsistencies in a
way that reflects context changes in regulation. The network can
be in any of a number of contexts. Within a context, the network
behaves deterministically, and the generated data is consistent.
If a regulatory set takes on a specific vector of values, then the
target gene associated with the regulatory set must take on a
single value.

Formally, a probabilistic gene regulatory network is com-
posed of a set of genes, , each taking values
in a finite set (containing values), and a set of vector-
valued network functions, , governing the state
transitions of the genes. There is a set of state vectors

, with and ,
where is the value of gene in state . Each network func-
tion is composed of functions , and the
value of gene at time is given by

. The choice of which network
function to apply is governed by a selection procedure. At
each time point, a random decision is made as to whether to
switch the network function for the next transition, with a prob-
ability of a change being a system parameter. If a decision
is made to change the network function, then a new function
is chosen from among , with the probability of
choosing being the selection probability . Finally, at each
time point, there is a probability of any gene changing its
value uniformly randomly to another value in . Whereas a
network switch corresponds to a change in a latent variable
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causing a structural change in the functions governing the
network, for instance, in the case of a gene outside the network
model that participates in the regulation of a gene in the model,
a random perturbation corresponds to a transient value flip
that leaves the network wiring unchanged, as in the case of
activation or inactivation owing to external stimuli such as
mutagens, heat stress, etc.

The state space of the network together with the set of
network functions, in conjunction with transitions between
the states and network functions, determine a Markov chain,
the states of the Markov chain being of the form . The
random perturbation makes the Markov chain ergodic, meaning
that it has the possibility of reaching any state from another state
and that it possesses a steady-state distribution. In the special
case when , a network function is randomly chosen at
each time point, the Markov chain consists only of the PGRN
states, and the PGRN is said to be instantaneously random.
When , the PRGN is said to be context sensitive, the idea
being that network changes result from the genes responding to
latent variables external to the model network.

We confine ourselves to the binary setting, in which case the
preceding description characterizes a probabilistic Boolean net-
work. Each state vector consists of “0”s and “1”s, and each net-
work function consists of a set of Boolean functions that can
be represented by a truth table. One can view a PBN as a collec-
tion of Boolean networks, each defined by a network function,
with the probability and the selection probabilities governing
how the PBN switches between Boolean networks. The Boolean
setting simplifies the analysis, but it is not restrictive since the
analysis goes through for any finite valuation set.

Attractors play a key role in Boolean networks. Given a
starting state, within a finite number of steps, the network will
transition into a cycle of states, called an attractor, and absent
perturbation will continue to cycle thereafter. Each attractor
is a subset of a basin composed of those states that lead to
the attractor if chosen as starting states. The basins form a
partition of the state space for the network. Nonattractor states
are transient. They are visited at most once on any network
trajectory. When modeling genetic regulatory networks, attrac-
tors are often identified with phenotypes [8]. Real biological
systems are typically assumed to have short attractor cycles,
with singleton attractors being of special import. Much of our
interest concerns singleton attractors.

By definition, the attractors of a PBN are the attractors of
its constituent Boolean networks. Once in an attractor cycle,
the network will remain in the cycle unless thrown out by a
random perturbation or network switch. Assuming these to be
infrequent, when observed, the network will, with high proba-
bility, be in an attractor state. The probability of a PBN being
in a particular state can be quantitatively expressed given in-
formation on the perturbation and switching probabilities, the
attractor structure, and the basin structure [3]. Thus, the proba-
bility of an observation vector being an attractor can be precisely
determined for a given model.

Regarding the use of the Boolean framework, we note that
the logical character of gene regulation has been recognized for
some time [18], [4], [8] and the dynamical behavior of Boolean
networks can be used to model many biologically phenomena,

such as cellular state dynamics possessing switchlike behavior,
stability, and hysteresis [7]. From almost the inception of mi-
croarray analysis, logical relations among genes have been con-
structed from the data [5], [9] and recently the manifestation of
logical relations in the continuous data has been analyzed [13].
Besides the fact that we are concerned in many of our applica-
tions with ON–OFF-type behavior, an important practical reason
for working in the binary setting, or at least in the context of a
very coarse quantization, is the exponentially increasing com-
plexity (and therefore data requirement) with finer quantiza-
tion. The general question as to whether certain genes, when
quantized as binary switches can be informative in separating
phenotype classes such as tumors and normal tissue, as well
as different stages of tumor development, depends on the bi-
modality of their behavior. The potential for binary discrimina-
tion has been shown for clustering [17] and classification [21].
The former has a good discussion of binarization. When using
microarray data, which integrates expression over a collection
of cells, it should be recognized that we are modeling global
behavior, not the activity of individual cells, so that binarization
corresponds to global bimodality.

Overall, we propose an inference procedure for PBNs whose
contexts model the data in such a way that they are consistent
for each context, the intent being to view data inconsistencies as
being due to latent variables. Separate sections are dedicated to
data-consistent inference, data-consistent operator design, and
data-consistent PBN design. We follow these with a discus-
sion of the relationship between standard and data-consistent
designs, the role of data filtering, application to a melanoma-re-
lated network, and some concluding remarks.

II. INFERENCE AND DATA CONSISTENCY

PBN inference has mainly been based on classical binary op-
timization, where the predictor variables for each target gene
are selected using the coefficient of determination (CoD). The
CoD measures the degree to which the best estimate for the
value of a target gene is improved using the knowledge of the
values of a set of predictor genes, relative to the best estimate in
the absence of knowledge of the predictors. Formally, CoD

, where is the error arising when using the best
estimate of the target-gene expression level given only statistics
relating to the target gene itself, and is the error arising
using the best estimate of the target-gene level using the levels
of the predictor genes. If a predictor set can perfectly predict a
target, then and CoD ; if a predictor set provides
no information about the target, then and CoD .
In general, CoD .

If we fix ahead the number of predictor genes (referred to as
the connectivity) that can compose a regulatory set for a target
gene, then the original design method is to choose the regula-
tory set with the largest CoD and then define a binary regulatory
function based on the genes in the regulatory set. For instance,
suppose genes , , and have the highest collective CoD
among all triples for predicting gene . Let denote a bi-
nary vector of values for . If 0001 appears more
often in the data than 0000, then for 000 the predictor
function is defined by 000 ; otherwise, it is defined by
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000 (ties being broken either by convention or ran-
domly). If both 0000 and 0001 appear in the data, then the data
are inconsistent relative to predicting via , , and . Incon-
sistency means that the data are interpreted in such a way that the
predictor is a random function: The same values of the predic-
tors can yield different values of the target. This interpretation
is problematic under the assumption that biological regulation
is deterministically encoded in the genes.

In this paper, we address an inherent problem that leads to
inconsistency. Consider a network with two contexts, and

. If the regulatory genes , , and form the vector 001
in context , then their target gene must take on a specific
value, say 0, in . This uniqueness condition holds for all vec-
tors of values for , , and . It may be that in context ,
the regulatory genes take the vector 001, while gene has value
1, but the data are consistent so long as a single context is main-
tained. Unless the contexts are known when data from the net-
work are sampled, it would appear that the network is not op-
erating consistently. Since the context is generally not known,
an experiment is likely to yield and observations of 0 and
1, respectively, meaning that 001 has been observed and
times in contexts and , respectively. The regulatory func-
tion for would then be defined for 001 by 001 if

and 001 if , with some convention
determining 001 if .

Here, we take a different approach. If the data reveal two
values for a target gene for a single vector for the regulatory
set, then we construct the network so that there are two distinct
functions, and , such that 001 and 001 .
The functions represent different network contexts. The proba-
bilities of the two functions being selected for regulation will be
in agreement with the context probabilities.

Since the context is selected by external variables, we cannot
know deterministically when the system is in a certain context,
but we can infer the probability of the system being in a par-
ticular context from the data. Our basic criterion for network
design is that the distribution of expected state observations for
the system, if it is observed over a long period of time, agrees
with the observed distribution of states for the data. As for con-
sistency, that holds ipso facto because the system behaves de-
terministically so long as it remains in a fixed context (is de-
termined by the unique set of functions defining that context).
Whereas with the previous design methods the number of con-
stituent networks depends on the number of high-CoD predictor
sets [15] or high Bayes-score predictor sets [22], and these de-
pend on the designer’s choice of a threshold, using the approach
of the present paper, the number of constituent networks is de-
termined by the data.

Owing to their importance, it is key that attractors are prop-
erly modeled in an inferred PBN. If the switching and pertur-
bation probabilities are very small, which is typical if the net-
work is sufficiently self-contained not to be subject to frequent
latent-variable effects, then it behaves as a single Boolean net-
work for long periods of time. As a result, it spends the vast
majority of its time in attractors.

In most experimental situations, unless a situation has been
created where time-course gene-expression measurements are
taken following some stimulus to the system that drives it out of

its steady-state behavior, our assumption is that measurements
(or at least almost all of them) are taken in the steady state.
Under the assumption that we are sampling from the steady
state, biological state stability leads to the further assumption
that most of the steady-state probability mass is concentrated
in the attractors and that real-world attractors are most likely
to be singleton attractors consisting of one state. This means
that our modeling applies to cells that have very short transient
durations in relation to their durations in their steady states. If
each cell in a family spends a strong majority of its time in a
particular state, then because we are averaging a large number
of cells (in the case of microarray data), one can expect with
high probability that the observed measurements correspond to
that state.

This steady-state assumption has two implications for infer-
ence. First, and most importantly, since data states are, with
probability near one, attractor states, we would like them to
be attractors in the model. According to Proposition 1 (below),
this is accomplished with the proposed inference procedure. For
small samples, it is very possible that sampling misses biolog-
ical attractor states in the data; however, with large samples the
likelihood grows for observing biological attractor states in the
data, and therefore incorporating them in the model. This is pre-
cisely what one would expect in a learning paradigm. As for the
converse of the first implication, while network design can result
in nondata states being attractor states in the model, Propositions
2 and 4 show that in a number of cases, a nondata state will not
be an attractor. In addition, as might be expected in a learning
environment, avoiding nondata states as attractors depends on
design generalization beyond that immediately implied by the
data.

III. DATA-CONSISTENT OPERATOR DESIGN

Since the key to network design is designing the functions,
we begin by treating data consistency in the general framework
of designing a single Boolean operator on random inputs. Let

be the set of vectors associated
with the binary-valued observation variables ,
and let be a target binary random variable to be predicted via

. A data set composed of observations of the
form is said to be consistent if and are
not both in . Going the other way, a random predictor–target
pair is said to be consistent with the data if is con-
sistent relative to the observation pairs resulting from .
In such a case, there exists a predictor for via , defined on

, possessing zero error on the data. is said to be consistent
relative to . may not be unique, since for any vector for
which neither nor appears in the data, can be
defined arbitrarily.

Consider a random operator on . Every realization of
defines a function on the random vector , or, equivalently,

on the state space endowed with the probability measure cor-
responding to . If is any data set generated by , then, ipso
facto, is consistent relative to . The number of observa-
tions in the data corresponding to any vector is related to
the probability of in , not . Specifically, letting de-
note the number of observations of in an arbitrary data set of
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size , then , where is the proba-
bility of in . In accordance with the empirical distribution
of for , define the probability measure on

by , where is the number of
observations of in . Then is an estimate of .
A key to operator design is the following observation: if and

are two realizations of and and agree on all vectors
except , for which and , then both
pairs and may lie in a data set generated by
and , but the data will be consistent for all .

A. Operator Construction

Case 1: Suppose data set has the property that there is a
single vector possessing different values, and all other vec-
tors possess a single value in . Suppose there are
and pairs and , respectively. Define two
functions and that agree on all vectors besides and
are thereon defined by and . Define the
probability structure for the random function possessing the
realizations and by
for 0, 1. is consistent relative to the data set con-
sisting of the original data set with all pairs removed,
and is consistent relative to the data set consisting of

with all pairs removed.
Case 2: Suppose the data set has the property that there

exist two vectors and possessing different values, and
all other vectors possess a single value in . Let there be

, , , and pairs ,
, , and , respectively. Define four functions

, , , and that agree on all vectors besides
and , and are thereon defined by ,

, , , ,
, , and . Define the probability

structure for the random function possessing the realiza-
tions , , , and according to

for , 0, 1. is con-
sistent relative to the data set consisting of the original
data set with all pairs and removed.

Case : The preceding definition and probability structure
can be inductively defined for any vectors possessing different

values, with all the other vectors possessing a single value.
We say that the resulting random function is order- consistent
relative to the data set .

We now state the basic theorem for consistent-data operator
design.

Theorem: If the random function is order- consistent
relative to the set , then 1) when restricted to any of its re-
alizations, produces consistent data, 2) the estimate of the
expected distribution of the data generated by using in
place of agrees with the distribution of the data in , and
3) the latter condition cannot be accomplished with less than
functions, the number of realizations of .

Proof: We first prove the case 1. For a random data set of
size generated by the random function , let and

be the random variables giving the number of times
is 0 and 1, respectively, in . Since is designed from the
given data set and thereafter applied to random data sets, the

probability is fixed upon the design of and is
independent of the probability of observing any particular state
vector in . Thus

(1)

If we replace by its estimate based upon the data
set , then we obtain the estimate

(2)

of the expectation . Equation (2) states that the esti-
mate of the expectation of the number of times that has the
label 0, based on the estimate equals the number of times
has the label 0 in the data. Similarly, .
For , is either 0 or , depending on the
common value of and . Clearly, this could not
have been accomplished by a single realization.

For case 2, for an arbitrary data set of size generated
by , let , , , and be random
variables giving the number of times is 0, is 1, is 0, and

is 1, respectively, in . Then

(3)

If we replace by its estimate based on the data set
, then we obtain the estimate

(4)
of the expectation . Similarly,

, , and
. For , is either 0 or ,

depending on the common value of and for
. In sum, when restricted to either , , , or ,

the estimate of the expected distribution of the data, using the
estimate , agrees with the data distribution. This cannot be
accomplished with less than four functions. Indeed, since any
function must agree with the single value for vectors other than

and , were there only three functions, these would be a
subset of and there would still be four
equations of the kind in (3). These would require solution with
only three variables of kind instead of the four
variables , , , and

.
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TABLE I
DATA SET AND PREDICTOR FUNCTIONS

The proof for case 2 extends directly to any order , albeit,
with increased notational complexity.

The third part of the theorem is critical because it says that
the constructed random function solves the problem with which
we are concerned in an optimal way relative to minimizing the
number of its realizations. By addressing data inconsistency
under the assumption that inconsistencies result from the data
arising from a random function of the state space, optimal oper-
ator design becomes one of finding the realizations of a random
function and the probability mass on those realizations so that
the resulting random operator best fits the data relative to the
expectation of its output and does so using a minimal number
of randomizations. In effect, we have presented an algorithm to
solve this optimization problem.

To illustrate the design methodology, we consider two pre-
dictor variables and , the target variable , and the data
in Table I(a), where count is the number of times is ob-
served in the data. In the data, the observations 00 and

11 are consistent, whereas 01 and 10
are inconsistent. Hence, four functions are required for predic-
tion of . These are shown in Table I(b). The selection prob-
abilities are , ,

, and . Notice what
happens if we change the count of 111 to 0. The number of func-
tions remains 4; however, the data do not provide inference of

11 . Therefore, it must be decided by generalization. We
will return to this issue in the context of PBNs.

It is important in understanding Theorem 1 to recognize that
the third part of the theorem refers to the second part, that is,
the number of realizations required to accomplish the distribu-
tional requirement is . If we were not concerned with the ex-
pected concordance between the expected distribution of data
generated by the random function and the distribution of
the data in , then we would need only two realizations to
achieve consistent design. To see this, suppose in there exist

vectors, possessing different values and
for any other vector there is a single observed value .
Define and for ,
and for any . These two realizations can
account for all of the inconsistencies; however, the expected dis-

tribution of data generated by will not be concordant with
the data distribution in .

IV. DATA-CONSISTENT DESIGN OF PROBABILISTIC

BOOLEAN NETWORKS

Adaptation of consistent-data design to PBNs is straightfor-
ward, but there are some issues regarding generalization and at-
tractors that need to be addressed. Consider designing a PBN
from a data set of elements from the set
of binary vectors. For a PBN, each gene is taken as a
function of the remaining genes. Consistent-data design is ap-
plied to each gene in turn. A network function for the PBN is
defined by taking one function for each gene. For a network
with genes, if there are functions for gene , then there
are network functions. Each network function de-
fines a context of the network in which the data are consistent.
This means that, so long as a network is in the context of a net-
work function, it will generate consistent data. Each context de-
fines a standard (constituent) Boolean network. The selection
probability of a network function is the product of the selec-
tion probabilities for the individual functions composing the net-
work function. Note that, as with other proposed PBN design
methods, the perturbation and switching probabilities cannot be
estimated from the steady-state data. The implementation of the
design algorithm is outlined in the Appendix .

To illustrate, for the data of Table I(a), we have three function
sets shown in parts (b), (c), and (d). For both and , the
observations 01 and 10 are consistent, whereas 00 and 11 are
inconsistent. The PBN has 64 network functions determining
the same number of contexts.

Attractors are key to understanding a PBN. Relative to attrac-
tors, there is a fundamental difference between data states and
nondata states. Before giving formal definitions, we consider
some situations.

For the PBN resulting from the data of Table I(a), consider
the data state 000. It is a singleton attractor for any context

in which 00 00 00 .
There are such contexts (out of a total of 64
contexts). Each of the six data states is a singleton attractor for
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TABLE II
PREDICTOR FUNCTIONS

some number of contexts. On the contrary, consider the nondata
state 001. Since 01 , 01 , and 00
for any ab, cd, and ef, 001 110, its complement, in every con-
text (the arrow denoting transition). 110 is also a nondata state,
and 110 001, its complement, in every context. Hence, {110,
001} is a two-state attractor cycle in every context. Note that if
110 were a data state, then it would be a singleton attractor in
some contexts and the nondata state 001 would not be in an at-
tractor cycle in those contexts.

Now, consider a data set with a single data state, 000. All pre-
dictor–target pairs are consistent relative to the data, and only
one function is required for each gene (Table II). Each function
requires three of its four values to be determined by general-
ization (arbitrarily relative to the data). The result is a Boolean
network in which 000 is a singleton attractor.

We say that a nondata state is partially
mapped by the data if there exists at least one subvector,

, which has been observed in the
data, so that there exists a function for for which

has been determined by the
data, not by generalization. For the single observation 000 and
the Boolean network of Table II, the states 001, 010, and 100
are partially mapped. A nondata state is fully
unmapped by the data if no subvector
has been observed in the data. For the single observation 000,
the states 011, 101, 110, and 111 are fully unmapped. A nondata
state is fully mapped if all subvectors have been observed in the
data, which was the case for 110 in the data of Table I(a).

Continuing with the single observation 000 and the network
of Table II, for which the nondata states 001, 010, and 100 are
partially mapped by the data, the single network function yields
001 0, 010 0 , and 100 0 . The actual transi-
tions depend on the generalization; nevertheless, these partially
determined nondata states are not singleton attractors. The re-
maining data states, 011, 101, 110, and 111, are fully unmapped
by the data, so that their transitions depend totally on gener-
alization, which can yield singleton nondata attractors. In this
example, 011 becomes a singleton attractor if and only if we
define 11 , 01 , and 01 ; 101 be-
comes a singleton attractor if and only if we define 01 ,

11 , and 10 ; 110 becomes a singleton at-
tractor if and only if we define 10 , 10 , and

11 ; and 111 becomes a singleton attractor if and only
if we define 11 , 11 , and 11 . Note
that 110 and 111 cannot simultaneously be singleton attractors,
nor can 011 and 111 simultaneously be singleton attractors.

We now provide some formal propositions.
Proposition 1: A data state is a singleton attractor in at least

one context.

Proof: If is a data state, then for each
gene , there is at least one function inferred from the data
for which . is a singleton
attractor for the context .

Proposition 2: A fully or partially mapped nondata state is
not a singleton attractor in any context.

Proof: If is a fully or partially
mapped nondata state, then there exists a gene de-
termined from the data relative to . Suppose

in some context .
Then . Since this relation-
ship has been determined from the data, must be a
data state, which is a contradiction.

Proposition 3: If a nondata state and its complement are both
fully mapped, then they form a two-state attractor cycle in every
context.

Proof: If is fully mapped, then in any
context ,

It must be that , since oth-
erwise the fact that has been observed
in the data would mean that has been observed in
the data, which it has not. Hence, . The same argument
applied to shows that is a two-state attractor.

Proposition 4: Generalization can always make a given fully
unmapped nondata state be or not be a singleton attractor.

Proof: If is a fully unmapped non-
data state, then there are no data-determined functions

. To make an attractor, define
for all ; to make not a

singleton attractor, define in any other manner.
An attractor composed solely of nondata states will be called

an artificial attractor. As noted previously, it may not be pos-
sible to make two fully unmapped nondata states into singleton
attractors. According to Proposition 2, artificial singleton attrac-
tors are fully unmapped. Every singleton attractor is either a data
state or an artificial attractor. According to Proposition 3, if a
nondata state and its complement are both fully mapped, then
they form an artificial two-state attractor cycle in every context.

The state transitions for a PBN produce an ergodic Markov
chain possessing a steady-state distribution. When a PBN is de-
signed from non-time-course data, the implicit assumption is
that the data have been obtained in the steady state. This means
that the state transitions of the designed PBN do not correspond
to transitions in biological time but to synthetic (mathematical)
time. Hence, there is no direct correspondence between transient
states of the PBN and data states. There should be, however, cor-
respondence between steady-state behavior and the data states.
Since we expect network switching to be infrequent in a real
system, most of the steady-state mass should belong to the at-
tractors, and since the data have been drawn from the steady
state, we would expect it to be highly likely that the data states
are attractors. In this sense, Proposition 1 provides support for
the context-switching model. Proposition 2 is also encouraging
relative to steady-state and data distribution correspondence.
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Proposition 3, while not encouraging, posits the strong require-
ment that a nondata state be fully mapped. Proposition 4 only
asserts existence and says nothing about the consequences of a
reasonable generalization.

V. REFLECTIONS ON STANDARD AND CONTEXTUAL DESIGN

Whereas a Boolean network is assured for a single observed
data state, two data states may require a PBN. At the other ex-
treme, only a Boolean network is required for consistency if the
data states are 001, 010, 100, and 111, and all four states would
be singleton attractors. The issue of the number of contexts is
related to the deeper issue of learning predictors for a dynam-
ical system from steady-state data [22].

Consider a three-gene Boolean network with vectors and
data set {000, 001}. If we observe 000 more often than 001, why
define the prediction 00 ? After all, in the real system,
000 might transition to another state, and therefore 00 may
predict being 1. For instance, if in the actual system 000
001, then would it not be better to predict by 00 ? Per-
haps it would be, but we lack the dynamical data to make such
a determination. The original use of prediction for gene expres-
sion was to measure multivariate gene interaction [9]: based on
the data, if 00 is observed in the steady state, then what
is the best prediction for . If we observe 000 in the data more
often than 001, then the best prediction on observing 00
in a future observation would be to predict . This approach
has been adopted for network inference, and represents a kind of
generalization because a network involves dynamical behavior.
Nonetheless, under the assumption that the data come from the
steady state, and assuming that when in the steady state the net-
work spends the great majority of its time in its attractors, when
choosing between the singleton attractor 000 00 and
the singleton attractor 001 00 , a majority decision
based on the data indicates the singleton attractor 000.

The situation becomes more flexible with the use of PBNs.
We reconsider the three-gene situation with data set {000, 001}.
At first glance, it may appear that we have three possibilities:
1) 000 and 001 compose an attractor cycle in the same Boolean
network; 2) they are singleton attractors in a single Boolean net-
work; 3) or they are singleton attractors in different contexts.
However, the first situation is not possible because 000 001
requires 00 , and 001 000 requires 00 . As
for the second possibility, it involves the choice just discussed.
If we choose 00 , then to have the network remain in an
attractor, we must have 00 and 00 , in which
case 000 is an attractor and 001 is a transient state; if we choose

00 , then to have the network remain in an attractor, we
must have 01 and 01 , in which case 001 is
an attractor and 000 is a transient state. Thus, we choose 00
based on the majority decision. The third possibility occurs by
using context: 000 and 001 are singleton attractors in different
contexts, in which case we have 00 in one context
and 00 in the other, with all conflicts being resolved.
Note that this same analysis applies whenever there are two data
points and they differ only for a single gene.

For another situation, consider the data set {000, 111}. The
same three apparent possibilities appear, but now they are all
truly possible. We could have the cycle 000 111. This would
not create a conflict in any predictor definitions: 00

00 00 and 11 11 11 .
They could also form two singleton attractors in the same
Boolean network, with 00 00 00
and 11 11 11 . Finally, they could be
singleton attractors in different contexts of a PBN. Using either
noncontextual or contextual design, they can appear as singleton
attractors in a single Boolean network. Were the data actually
reflective of a cycle in a real regulatory system, then the inference
would be erroneous. Because steady-state data are insufficient to
infer dynamics, a learning assumption has been made (here and
in the past) that favors short cycles over long, in this case favoring
singleton attractors. Moreover, the number of contexts is mini-
mized by assuming them to be singleton attractors in a Boolean
network. Note that the same analysis applies whenever there
are two data points and they differ by more than a single gene.

To help clarify the issue, we define two states to be neighbors
if they differ by a single gene. A data state is said to be isolated
if it has no neighbors in the data and nonisolated otherwise.
If two data states are neighbors, as are 000 and 001, then they
require two contexts to avoid data inconsistency. Since context
selection depends on the data frequencies, the frequencies of
000 and 001 affect the resulting PBN probabilities. On the other
hand, if a data state is isolated, as is the case of 000 for the data
set {000, 110, 111}, then it does not generate contexts. When
a data state is isolated, its frequency in the data does not affect
PBN probabilities.

The number of constituent networks is determined by how
inconsistencies appear in the data, not the number of states ap-
pearing in the data. To illustrate, a PBN with data states 000,
001, 010, and 011 has four, four, and one function(s) for , ,
and , respectively, for a total of 16 contexts. A PBN with data
states 010, 100, 101, and 110 has two, two, and two functions
for , , and , respectively, for a total of eight contexts.

VI. FILTERING

We have addressed data inconsistency from the perspective
of biological context. The context problem is inherent to an
open system, one that receives inputs from external variables
that affect the system output. We have focused on system de-
sign, and as with all inference procedures, the design preci-
sion is affected by noise. Data-consistent design begins with bi-
nary state vectors (profiles), under the assumption of previous
filtering, normalization, and quantization. Generally speaking,
it is difficult to model the impact of various noise sources on
high-level data analysis algorithms, the central problem being
the large number of sources of variance inherent in the process
of making these measurements—for instance, using cDNA mi-
croarrays. In many statistical papers, the measured gene expres-
sion data are assumed to have multiple noise sources: sample
preparation, labeling, hybridization, background fluorescence,
different arrays, fluorescent dyes, and different printing loca-
tions. As with any high-level processing, network design is in-
fluenced by lower level processing. In our case, noisy observa-
tion vectors can negatively affect design because our aim is to
have the steady-state distribution of the designed network agree
with the empirical distribution. In particular, noisy observations
can result in spurious contexts.

Relative to data-consistent design, there is a more funda-
mental issue than observation noise pertaining to the number of
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TABLE III
EXPRESSION PROFILES FOR MELANOMA

contexts generated by the data, namely, sample heterogeneity.
In many cases microarray data are obtained from heteroge-
neous cell populations, in particular, when tumor samples are
analyzed. In fact, the entire issue of contextual modeling relates
to data heterogeneity: the data relating to a specific set of
genes composing a network derive from heterogeneous sources
because each source is conditioned by conditions external to
the network. This heterogeneity affects model design. If in the
case of a Bayesian network the conditional probability of a
gene given its parents is estimated across sample data arising
from heterogeneous subpopulations, then the conditioning is in
effect averaged across different data sources and the resulting
conditional probability does not specifically apply to any of
the subpopulations. The same can be said of PBN (or PGRN)
design using coefficients of determination computed relative to
the full sample. It is precisely our desire to make PGRN design
specific to the subpopulations (contexts) arising from external
latent variables that has motivated data-consistent design.
Consequently, when there is excessive sample heterogeneity
there can be an extraordinarily large number of contexts.

To reduce the large number of contexts arising from exces-
sive data heterogeneity (or from observation noise) we can filter
the binary profiles. Specifically, if two profiles are very close,
we can join them, thereby identifying their individual contexts.
Since we lack a heterogeneity model it is impossible to opti-
mally derive this identification filter and we therefore take an
intuitive approach, which has generally been how data filtering
has proceeded in the context of microarrays. The filter is applied
in the following manner: 1) if a profile is observed more than
once in the data, then it remains invariant; 2) if a profile appears
only once in the data and it is within Hamming distance 1 of a
repeated profile, then it is identified with the repeated profile;
3) if an unrepeated profile is not within Hamming distance 1 of
a repeated profile, then it is left invariant. The idea is straight-
forward. Singleton profiles that are almost identical to repeated
profiles are assumed to result from either noise or statistically
less important contexts very close to more important contexts.
In practice, one can choose to use or not use the Hamming filter.

TABLE IV
FILTERED EXPRESSION PROFILES

VII. MELANOMA NETWORK

We apply the contextual-design method to a gene network
that has served as a model to study the external control of gene
regulatory networks, in particular, for the regulatory avoidance
of metastatic melanoma—for instance, in [12], where the con-
text-sensitive PBN was constructed by the Bayesian connec-
tivity approach.

The ten genes considered here were first identified in a study
concerned with the feasibility of producing Markovian networks
whose stationary distributions closely reflect the data [10]. The
chosen genes arose from data in a study of metastatic melanoma
[2]. In this study, the abundance of messenger RNA for the gene
WNT5A was found to be highly discriminating between cells
with properties typically associated with high metastatic compe-
tence versus those with low metastatic competence. These find-
ings were validated and expanded in a second study [20]. In this
study, experimentally increasing the levels of the Wnt5a pro-
tein secreted by a melanoma cell line via genetic engineering
methods directly altered the metastatic competence of that cell
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TABLE V
ATTRACTORS FOR MELANOMA NETWORK

as measured by the standard in vitro assays for metastasis. A
further finding of interest was that an intervention that blocked
the Wnt5a protein from activating its receptor, the use of an
antibody that binds Wnt5a protein, could substantially reduce
Wnt5a’s ability to induce a metastatic phenotype. This suggests
a study of control based on interventions that alter the contribu-
tion of the WNT5A gene’s action to biological regulation, since
the available data suggest that disruption of this influence could
reduce the chance of a melanoma metastasizing. The control ob-
jective is to externally downregulate the WNT5A gene, because
WNT5A ceasing to be downregulated is strongly predictive of
the onset of metastasis. Owing to computational issues relating
to dynamic programming, in the control studies only seven of
the original ten genes were used; here, we use the full set of
ten to demonstrate network design: RET-1, HADHB, MMP-3,
S100P, pirin, MART-1, synuclein, STC2, PHO-C, and WNT5A.

In the original expression study, 31 expression profiles were
found for the ten genes, with some profiles repeated. Table III
lists the 20 distinct profiles, along with their counts. As dis-
cussed previously, when we design a PBN, we must generalize
the unspecified entries in the truth table. Here we do so by ma-
jority vote: if half or more of the entries have value 1, then set
all the unspecified entries to 1; otherwise set them to 0. If we
design a PBN based on the 20 profiles without any filtering, the
resulting PBN has 128 contexts. The Hamming-distance filter
yields 18 distinct profiles. They and their counts are shown in
Table IV. Under the Hamming-distance filter and majority-vote
generalization, the designed PBN has four contexts. Table V
lists the attractors in each context and the data profiles (in dec-
imal form for convenience). As must be the case, the PBN cap-
tures all the data profiles as attractors. There is only one spurious
attractor point, 702.

VIII. CONCLUSION

This paper provides an inference procedure for PBNs in
which the network contains contexts to model the data in such
a way that it is consistent for each context. The intent is to view
genomic regulation as deterministic (up to gene perturbation),
with data inconsistencies due to latent variables. A key property
is that every data state must be an attractor in at least one
context, which is concordant with the assumption that the data
states are attractor states for the real biological system. The
dynamics depend on generalization. This is to be expected
since the inference problem is an ill-posed inverse problem
owing to a lack of dynamical data. The attractors constrain the
dynamical behavior but do not determine it. Future work will

concentrate on the critical issue of generalization. Given a set
of prior network properties postulated in accord with biological
considerations, the aim will be to construct generalizations that
yield networks possessing the desired properties.

Of particular importance is the manner in which generaliza-
tion affects network connectivity. Whereas it is often assumed
in PBN design that connectivity is limited and this limitation
is imposed on design, the theory in the present paper depends
on the possibility of full connectivity. We refer to this possi-
bility because once the realizations are determined they can be
reduced so that they only involve essential variables, thereby re-
ducing the connectivity. The degree to which the connectivity is
reduced by logic reduction depends on the generalization. Going
further, one might at the outset choose to limit the connectivity.
Prior limitation might make data-consistent design impossible;
however, one might try to achieve close-to-data-consistent de-
sign, where the closeness is based on some objective criterion.
These considerations lead to two areas of ongoing research:
1) posing a suitable definition of connectivity minimization and
developing efficient algorithms to select a generalization mini-
mizing connectivity and 2) defining an appropriate probabilistic
criterion for approximate data consistency and developing effi-
cient algorithms to optimize design relative to the criterion.

The approach of constructing generalizations that yield net-
works possessing the desired properties is inevitable because
building a dynamical model from steady-state data is a kind of
overfitting [22], especially when data are limited. This is why
we view a designed network as providing a regulatory structure
consistent with observed steady-state behavior. Given our main
interest is in steady-statebehavior, this is reasonable in thatweare
trying to understand dynamical regulation corresponding to ob-
served steady-state behavior—say, for the purpose of developing
control strategies. Placing constraints on the designed network
or optimizing design relative to conditions such as connectivity
not only produces networks with desirable properties, it also re-
duces the number of possible generalizations, which can be very
large when data are limited. The salient point here is that many
generalizations will lead to networks not possessing the required
properties and therefore they are not allowed, thereby reducing
the extent to which the inverse problem is ill-posed. Nonetheless,
unless the constraints are sufficiently strong to produce a unique
solution, there will still be a collection of networks concordant
with the data and the constraints. It is for this reason that we are
investigating robust control strategies that, while not necessarily
optimal relative to a given network, provide beneficial inter-
vention across the family of networks in the solution space.
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We close with the epistemological question: How is the ob-
tained PBN, or any such high-level system model, related to
a real biological system? We comment only briefly, referring
to [6] for a more comprehensive account. When considering
models of genomic regulation, one might say that there is a de-
cision-making layer and a physical (chemical) layer. PBNs, and
other such functional networks, provide representation at the de-
cision-making layer. Predictive logical relations correspond to
changes in the continuous data related to the up- and downregu-
lated character of the genes involved [13]. Since a living system
is of necessity an information processing system, ipso facto, a
genomic network corresponding specifically to control informa-
tion is biological. Indeed, the desire to understand information
processing within the cell is a salient motivation for network
construction [4]. Dougherty and Braga–Neto [6] write, “Re-
garding reality, the fact that a complete biochemical description
of cellular activity would likely produce the corollary descrip-
tion of the information processing system does not denigrate the
reality of the latter.” Poincaré [14] has remarked: “What we call
‘objective reality’ is, strictly speaking, that which is common
to several thinking beings and might be common to all; this
common part, we shall see, can only be the harmony expressed
by mathematical laws.”

APPENDIX

SUMMARY OF THE DESIGN ALGORITHM

Step 1: Let the data set be ,
.

Step 2: Let be the target gene. If there exist pairs of
data, , such that the vec-
tors in each pair differ only on the value of target gene,
namely

, then functions can be
defined for , namely

. Each function is assigned a proba-
bility

where ,
if is consistent with , if it is consistent
with , and . Apart
from the pairs, is consistent with the rest of the
data in . If , then only one function is defined
and it is consistent with all data in .

Step 3: Apply Step 2 to each gene in turn. By choosing a func-
tion for each gene and making all possible combina-
tions, we obtain network functions and
associated selection probabilities, namely, there are

contexts.

Remark: As seen from the algorithm, the size of (truth
table of) Boolean functions is determined by (
number of genes), and there are altogether Boolean
functions. Therefore, the complexity of the contextual design
is ; it is noteworthy that depends
primarily on the relations among data but cannot be solely
accounted for by either the gene number or data set size
alone.
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