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Abstract

Feature selection is problematic when the number of potential features is very large. Absent distribution knowledge, to
select a best feature set of a certain size requires that all feature sets of that size be examined. This paper considers the
question in the context of variable selection for prediction based on the coe!cient of determination (CoD). The CoD varies
between 0 and 1, and measures the degree to which prediction is improved by using the features relative to prediction in the
absence of the features. It examines the following heuristic: if we wish to >nd feature sets of size m with CoD exceeding �,
what is the e3ect of only considering a feature set if it contains a subset with CoD exceeding �¡�? This means that if the
subsets do not possess su!ciently high CoD, then it is assumed that the feature set itself cannot possess the required CoD.
As it stands, the heuristic cannot be applied since one would have to know the CoDs beforehand. It is meaningfully posed
by assuming a prior distribution on the CoDs. Then one can pose the question in a Bayesian framework by considering
the probability P(�¿� |max{�1; �2; : : : ; �v}¡�), where � is the CoD of the feature set and �1; �2; : : : ; �v are the CoDs of
the subsets. Such probabilities allow a rigorous analysis of the following decision procedure: the feature set is examined if
max{�1; �2; : : : ; �v}¿ �. Computational saving increases as � increases, but the probability of missing desirable feature sets
increases as the increment �− � decreases; conversely, computational saving goes down as � decreases, but the probability
of missing desirable feature sets decreases as � − � increases. The paper considers various loss measures pertaining to
omitting feature sets based on the criteria. After specializing the matter to binary features, it considers a simulation model,
and then applies the theory in the context of microarray-based genomic CoD analysis. It also provides optimal computational
algorithms.
? 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The feature-selection problem in pattern recog-
nition is to select a subset of k random variables
from a set on n random variables that provides an
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optimal classi>er with minimum error among all op-
timal classi>ers for subsets of size k. The inherent
combinatorial nature of the problem is readily seen
from a classic theorem of Cover and Van Campenhout
[2]: if {X1;X2; : : : ;Xr} is the set of possible feature
sets formed from the set {X1; X2; : : : ; Xn} of random
variables under the assumption that i¡ j if Xi ⊂ Xj,
and if Y is a binary target random variable, then there
exists a multivariate distribution of X1; X2; : : : ; Xn; Y
such that �[X1]¿�[X2]¿ · · ·¿�[Xr], where �[Xj]
is the Bayes error for Xj, given by �[Xj] = P(Y �=
 0(Xj)), where  0 is the optimal classi>er based
on Xj. The requirement that i¡ j if Xi ⊂ Xj is
necessary because the subset condition implies that
�[Xi]¿ �[Xj]. A consequence of the theorem is that
all k-element subsets must be checked unless there
is distributional knowledge that mitigates the search
requirement. Various heuristic suboptimal algorithms
have been developed to circumvent the full combina-
torial search that requires estimating the Bayes error
of C(n; k) subsets [3,12,15], and a branch and bound
algorithm has been used for e!cient selection of the
best feature set [10].
We will take an approach that is well-suited to the

context in which we are confronting feature selection.
There is a very large number n of variables, and we
desire very small feature sets (k = 1; 2; 3; 4). More-
over, we are not necessarily interested in the best fea-
ture set of size k, but rather >nding good feature sets
of size k; indeed, our speci>c concern is >nding col-
lections of good feature sets for a family of target ran-
dom variables. To be precise, we have a set X of n
binary random variables X1; X2; : : : ; Xn and we want
to >nd small subsets of the variables to predict other
variables in X. The number of variables n often ex-
ceeds 500, perhaps signi>cantly so. To check all fea-
ture sets would require computing optimal estimators
and errors for all subsets up to maximum sizem, which
would require computing C(n; 1) + C(n; 2) + · · · +
C(n; m) errors if we wish to consider feature sets up to
size m.
Instead of stating the feature-selection problem in

terms of error, we can equivalently state it in terms
of the coe!cient of determination (CoD), which pro-
vides a normalized measure of the degree to which
Y can be better predicted using the observations in a
feature set than it can be in the presence of no obser-
vations. Speci>cally, for any feature set X, the CoD

relative to the target variable Y is de>ned to be

�X =
�• − �X

�•
;

where �• is the error of the best estimate for Y in the
absence of other observations and �X is the Bayes er-
ror for X. The coe!cient has historically been used to
measure the e3ect of linear regression [16], and has
been recently employed in nonlinear signal processing
[5] and for measuring multivariate interaction among
genes based on gene expression [5,8], and for con-
structing probabilistic Boolean networks [13]. It is this
last application that has motivated the current analy-
sis. It is evident from the de>nition that 06 �X6 1
and X ⊆ Z implies �X6 �Z. In terms of the coe!-
cient, the feature-selection problem is to >nd a subset
of k random variables possessing the highest coe!-
cient among all subsets of size k.
The particular application we have in mind, and

will discuss in detail following the development of
the methodology, involves the prediction whether
a gene is up- or down-regulated based on the up-
or down-regulation of other genes using data from
gene-expression microarrays [8,9]. The full search
for this problem is currently done using massively
parallel hardware, practically halts at m= 3 for about
n = 600 genes, and takes 2 weeks using over 100
CPU’s if all 600 targets are to be considered [14].
Since gene-expression data is severely limited with
current genomic technology, for statistical reasons
there is usually little to be gained by going beyond
three predictors; nonetheless, it is of great practical
bene>t to reduce the computation so that two-gene
prediction can be accomplished easily on a work-
station, three-gene prediction can be accomplished
for a small subset of targets on a workstation, and
prediction for full target sets can be accomplished
signi>cantly faster on a parallel system. Moreover,
with the rapid evolution of microarray technology,
sample sizes are increasing and four-predictor sets
may soon exhibit statistically signi>cant gains over
three-predictor sets su!ciently often to be of serious
interest.

2. Distributional selection of variables

A simple approach to avoiding the full combinato-
rial search for the optimal two-feature set is to skip
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the computation of the CoD for two variables relative
to a target variable if the individual CoDs of the vari-
ables relative to the target are both small. For a >xed
target Y , if �i, �i; j and �i; j; k denote the CoD for {Xi},
{Xi; Xj} and {Xi; Xj; Xk}, respectively, then a subopti-
mal algorithm is de>ned by saying that if both �i and �j

are very small, then we ignore �i; j, thereby saving its
computation. The problem is it may be that �i=�j=0,
while �i; j = 1. This extreme case is not just a mathe-
matical possibility but actually happens in real-world
applications, including genomics. Indeed, it could be
that �i = �j = �k = 0, while �i; j; k = 1, and so on. It is
just this kind of behavior that has motivated the de-
velopment of software for high-performance parallel
processing. But this extreme behavior is rare. More
typically, if both �i and �j are very small, then �i; j is
small.
To take advantage of this behavior, rather than

consider each CoD as a deterministic quantity as-
sociated with a >xed multivariate distribution of
{Y; X1; X2; : : : ; Xn}, we will consider the multivariate
distribution to be random, thereby making the CoDs
random, and allowing us to discuss the probability
that �i; j is small given that �i and �j are small. Specif-
ically, we can consider the probability that �i; j ¿�
given that �i ¡� and �j ¡�. If we are only concerned
with feature sets for which the CoDs exceed a given
value �, then (on average) little is lost by not comput-
ing the joint CoD if both marginal CoDs are beneath
�, and � is su!ciently smaller than �. We skip the
computation of �i; j if and only if max{�i; �j}¡�.
More generally, given a function g : [0; 1]×[0; 1] →

R and a number �∈R, we can use the following cri-
terion: �i; j will not be computed if g(�i; �j)¡�. For
instance, instead of g(�i; �j)=max{�i; �j}, one might
use g(�i; �j) = �i + �j. In this paper, we con>ne our-
selves to the maximum and, in this case, we can as-
sume �∈ [0; 1].
The requirement that max{�i; �j} exceed � for the

calculation of �i; j under the supposition that �i; j must
exceed � to be signi>cant can be viewed as a con-
dition on the incremental determinations for the set
{Xi; Xj} relative to the sets {Xi} and {Xj}, where the
incremental determination for feature set Z relative to
a subset X ⊆ Z is de>ned to be �Z − �X [5]. The
condition can be interpreted as the assumption that
increments cannot exceed � − �. Under this assump-
tion, max{�i; �j}¡� implies �i; j6 � and therefore

there is no point to computing �i; j. A number of issues
are relevant to the condition that max{�i; �j}¿ � for
computing �i; j.
One issue is computational savings. For the criterion

max{�i; �j}¡� not to compute �i; j, the probability

�ij(�) = P(max{�i; �j}¡�)

provides a measure of computational saving: the prob-
ability of not computing �i; j. Assuming continuous
distributions, �ij(�) → 0 as � → 0 and �ij(�) → 1 as
� → 1.
Typically, we are interested in CoDs above some

threshold level. Accordingly, we say that �i; j is signif-
icant at level � if �i; j ¿�. If we skip the computation
of �i; j when max{�i; �j}¡�, then the probability

�ij(�; �) = P(�i; j ¿� |max{�i; �j}¡�)

provides a measure of risk of losing signiBcant CoDs.
It gives the probability of a pairwise CoD being signif-
icant at level �, given that it is not computed (at level
�). A tolerance for such risk can be expressed by for-
mulating a requirement that �ij(�; �)¡�. In this case,
� quanti>es our tolerance level by providing an upper
bound on the probability with which we are willing to
miss a signi>cant relationship on account of omitting
the computation. We would like � to be as high as
possible to save as much computation as possible, and
we would like to have � ≈ 0; however, the problem
is that as � increases, the probability of �i; j exceeding
� also tends to increase.
Expanding the conditional probability de>ning

�ij(�; �) and dividing both sides of the equation by
P(�i; j ¿�) yields

�ij(�; �)
P(�i; j ¿�)

=
P(�i; j ¿�;max{�i; �j}¡�)

P(�i; j ¿�)P(max{�i; �j}¡�)

=
P(max{�i; �j}¡� | �i; j ¿�)

P(max{�i; �j}¡�)

=
�ij(�; �)

P(max{�i; �j}¡�)
;

where

�ij(�; �) = P(max{�i; �j}¡� | �i; j ¿�)

provides a measure of loss for signiBcant CoDs.
�ij(�; �) gives the probability of not computing a sig-
ni>cant CoD. As in the case of �ij(�; �), we would like
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�ij(�; �) to be small. Also, as with �ij(�; �), pushing
up � to increase computational savings, also pushes
up �ij(�; �).
The e3ect on �ij(�; �) of increasing � for >xed �

is easily seen by expanding �ij(�; �). If �1 ¡�2, then
�ij(�1; �)6 �ij(�2; �). �ij(�; �) is important, because it
quanti>es the noncomputation of signi>cant pairwise
CoDs; however, if we take the view that we only wish
to discover whether or not �i; j is signi>cant, without
necessarily >nding its value, then the problem can be
looked at slightly di3erently. According to the de>-
nition of the CoD, if max{�i; �j}¿�, then �i; j ¿�.
Hence, if max{�i; �j}¿�, there is no need to com-
pute �i; j. Omitting such computations means that the
computational savings are enhanced, with �ij(�) being
replaced by

�ij(�; �)

=P(max{�i; �j}¡�) + P(max{�i; �j}¿�):

We will say that �i; j is nonredundantly signiBcant at
level � if max{�i; �j}6 � and �i; j ¿�. Having com-
puted the single-variable CoDs, we need only >nd
those that are nonredundantly signi>cant.
Continuing to take the view that we only want to

discover signi>cant CoDs, not their values, we can
adjust our notion of loss, replacing �ij(�; �) by

�ij(�; �)

=P(max{�i; �j}¡� | �i; j ¿�;max{�i; �j}6 �)

which is the probability of not computing nonredun-
dantly signi>cant CoDs. Assuming �¡�, we show
that �ij(�; �)¿ �ij(�; �):

�ij(�; �)

=
P(�i;j ¿ �;max{�i; �j}¡�)

P(�i;j ¿ �)

=
P(�i;j ¿ �;max{�i; �j}¡�)

P(�i;j ¿ �;max{�i; �j}6 �) + P(�i;j ¿ �;max{�i; �j}¿�)

6
P(�i;j ¿ �;max{�i; �j}¡�)
P(�i;j ¿ �;max{�i; �j}6 �)

=
P(�i;j ¿ �;max{�i; �j}¡�;max{�i; �j}6 �)

P(�i;j ¿ �;max{�i; �j}6 �)

=�ij(�; �):

3. Increasing the predictor variables

In the preceding section, we paid particular atten-
tion to the case of two-predictor variables. In this sec-
tion, we extend those considerations to estimation us-
ing three or more variables. The criterion for not com-
puting the CoD can be just an extension of the crite-
rion for two variables:

h(�i; �j; �k)¡�;

where h : [0; 1] × [0; 1] × [0; 1] → R. Another possi-
bility is to use a function that depends on the CoDs
for two variables:

h(�i; j ; �j;k ; �i; k)¡�;

where, �i; j is de>ned to be 0 if it has been omitted at
the previous stage. Criteria depending on other com-
binations of CoDs of lower order are possible. In this
paper we will consider the condition

max{�i; �j; �k}¡�:

The following proposition is straightforward and
shows that the condition max{�i; j ; �j;k ; �i; k}¡� is
more restrictive than the conditionmax{�i; �j; �k}¡�.
This means that, for a >xed �, the computational sav-
ing is bigger using the condition max{�i; �j; �k}¡�.

Proposition 1. If max{�i; j ; �j;k ; �i; k}¡�, then
max{�i; �j; �k}¡�.

Under the condition max{�i; �j; �k}¡�, �ij(�; �)
becomes �ijk(�; �). The form of �ij(�; �) remains
the same except that max{�i; �j} is replaced by
max{�i; �j; �k}. Analogous comments apply to
�ij(�; �), �ij(�; �), �ij(�; �), and �ij(�; �).
Similar considerations apply to using more than

three variables.

4. Error of the optimal binary predictor

The theory of feature selection based on the distri-
bution of the CoDs applies to binary-decision pattern
recognition by considering only binary target vari-
ables. A special case occurs when all variables are
binary. This is the situation that occurs in binary
signal processing and, of importance to functional
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genomics, in probabilistic Boolean networks [13]. The
variable-selection theory possesses an intuitive ana-
lytic form for binary variables.
Consider a set of n binary random variables

X1; X2; : : : ; Xn to predict (estimate) another binary ran-
dom variable Y . Let Xi denote the conBguration of
the random vector X = (X1; X2; : : : ; Xn) whose binary
expression equals the integer i. For instance, for n=3,
X0 = 000, X1 = 001; : : : ;X7 = 111. For n variables,
there are m = 2n possible con>gurations. Assuming
the binary random variables X1; X2; : : : ; Xn; Y possess
a joint probability distribution, for each con>guration
Xi, we have the probabilities ri = P(X = Xi) and
pi = P(Y = 1|Xi). The best predictor for Y in terms
of the mean absolute error (MAE) and in the absence
of observations is its mean E[Y ] = � =

∑m−1
i=0 piri

followed by the binary threshold function T : [0; 1] →
{0; 1} de>ned as T (x) = 0 if and only if x6 0:5. The
error of the thresholded mean predictor is given by

�• =

{
� if �6 0:5

1− � if �¿ 0:5
= min{�; 1− �}:

If we consider observations, then we can design
another predictor for Y and decrease the error.
Let {Xj1 ; Xj2 ; : : : ; Xj‘} be a subset of the variables
{X1; X2; : : : ; Xn} such that 16 j1 ¡j2 ¡ · · ·¡j‘6 n.
To develop an analytical formula for the error of
the best predictor of Y in terms of the MAE based
on the observations of the variables Xj1 ; Xj2 ; : : : ; Xj‘ ,
let Xk denote the con>guration of the random vec-
tor X = (Xj1 ; Xj2 ; : : : ; Xj‘) whose binary expression
equals the integer k. For a >xed con>guration Xk

of X, there will be some con>gurations Xi of the
vector X that match Xk . For instance, suppose
X = (X1; X2; X3; X4; X5) and we wish to predict Y us-
ing only the variables X2 and X4. Thus, X = (X2; X4)
and, for k = 1, we have X1 = 01. The con>gurations
of Xi that match X1 are given in the following table:

i Xi i Xi i Xi i Xi

2 00010 3 00011 6 00110 7 00111
18 10010 19 10011 22 10110 23 10111

If we consider the con>gurations for Xi and Xk as

Xi = (X i
1 ; : : : ; X

i
j1 ; : : : ; X

i
j2 ; : : : ; X

i
j‘ ; : : : ; X

i
n)

and

Xk = (X k
j1 ; X

k
j2 ; : : : ; X

k
j‘);

then, for a >xed k, we can de>ne the set {i: Xi ∼ Xk}
as

{i: Xi ∼ Xk}
={i: X i

j1 = X k
j1 ; X

i
j2 = X k

j2 ; : : : ; X
i
j‘ = X k

j‘}:
For instance, if k = 1, the set {i: Xi ∼ X1} for the
preceding table is {2; 3; 6; 7; 18; 19; 22; 23}.
Now, let us introduce two probabilities:

Ak(X) = P(X =Xk) =
∑

{i: Xi∼Xk}
ri;

Bk(X) = P(Y = 1 and X =Xk) =
∑

{i: Xi∼Xk}
piri:

In terms of these probabilities, the error for predicting
Y using the variables in the vector X is

�X =
2‘−1∑
k=0

min{Bk(X); Ak(X)− Bk(X)}:

If we use all variables, X = X, then

Ak(X) = P(X = Xk) =
∑

{i: Xi∼Xk}
ri = rk ;

Bk(X) = P(Y = 1 and X = Xk)

=
∑

{i:Xi∼Xk}
piri = pkrk

and the error of the best predictor is

�X =
2n−1∑
k=0

min{pkrk ; rk − pkrk}

=
2n−1∑
k=0

min{pk; 1− pk}rk :

5. Simulations

In this section, we study variable selection in the
context of a binary model for the joint probability
distribution P(X1; : : : ; Xn; Y ). We employ a model
with three parameters, �; �, and %�, used previously
in the analysis of estimation error [1]. A realization
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of the joint probability P(Y; X1; : : : ; Xn) is de>ned by
the probabilities ri and the conditional probabilities
pi. The probabilities ri are generated randomly from
the Gamma distribution with parameters �= 1=m and
% = �=m, where m = 2n is the number of possible
con>gurations. A normalization is used to satisfy the
probability requirement

∑m−1
i=0 ri = 1:

ri =
r′i∑m−1

i=0 r′i
;

where r′i comes from the Gamma distribution with
�=1=m and %=�=m. The conditional probabilities pi

are de>ned by pi = 1 − � for i = 0; 1; : : : ; ' − 1 and
pi=� for i='; : : : ; m−1, where the integer ' de>nes
how many con>gurations produce the output Y = 1
and ' is taken from the uniform distribution between
0 and m. In practical situations it is unlikely to have
constant error contribution �=min{pi; 1−pi} for all
con>gurations. Hence, Gaussian noise with �=0 and
% = %� is added to the conditional probabilities pi.
Given a realization ri and pi taken from the model

(�; �; %�), we can directly compute the CoDs �i and
�i; j. The >rst simulation results presented in this sec-
tion are based on n = 5 variables, 10; 000 generated
replications, and the model parameters �=1:5, �=0:2,
and %� = 0:2.
Fig. 1(a) displays the computational saving �ij(�)

obtained from the model. The graphic can be used to
select a value for � to obtain a desired computational
saving. For example, for at least 90% of computational
saving, we must select �¿ 0:4.
The risk �ij(�; �) of losing signi>cant CoDs ob-

tained from the model is shown in Fig. 1(b). Once �
is selected, this graphic can be used to check if the
risk of losing CoDs �i; j ¿� is smaller than a desired
tolerance. For example, if the tolerance for the risk
pertaining to coe!cients �i; j ¿ 0:6 is 10%, then for
�=0:4 this tolerance is satis>ed, since the risk is less
than 1%.
Fig. 1(c) shows the probability �ij(�; �) of not

computing signi>cant CoDs. Once � is selected, the
graphic can be used to check if the risk of losing
CoDs �i; j ¿� is smaller than a desired tolerance.
For example, if the tolerance for losing coe!cients
�i; j ¿ 0:7 is 20%, then for � = 0:4 this condition is
satis>ed, since the risk is less than 10%.
Fig. 1(d) shows the probability �ij(�; �) of not com-

puting nonredundantly signi>cant coe!cients. Again

considering tolerance, if the tolerance for noncompu-
tation of coe!cients �i; j ¿ 0:7 is 20%, then for �=0:4
this condition is satis>ed, since the risk is less than
10%.
Fig. 1(e) shows the loss for signi>cant CoDs versus

computational saving. This graphic shows that when
computational saving is high, the respective loss of
signi>cant CoDs is not so high. For example, for a
90% computational saving, the loss of signi>cant co-
e!cients is less than 10%.
The curves in Fig. 1 are model dependent,

for model (n; �; �; %�) = (5; 1:5; 0:2; 0:2). Fig. 2
shows a set of curves for a di3erent model with
(n; �; �; %�) = (5; 2:8; 0:3; 0:1). Notice in Fig. 2(b) the
smaller risk, with the risk being essentially 0 for all �
when �= 0:7 or 0.8. Notice in Fig. 2(c) the basically
vertical curvers for � = 0:7 and 0.8. This means that
even for an extremely small increment �− �, the loss
is essentially 0 for �= 0:7 and 0.8, so long as �¡�.
A very di3erent situation is depicted for the model
(n; �; �; %�) = (5; 1:5; 0:1; 0:2) in Fig. 3. Not only are
the risks in Fig. 3(b) much greater, but the curves in
succeeding parts of the >gure rise more slowly.
The model not only depends on �, � and %�, but also

on n. In Figs. 4 and 5, n= 10. Although similar fam-
ilies of curves occur as with n = 5, these result from
di3erent choices of �, � and %� than for n=5. Note the
similarities between the curves in Fig. 4, correspond-
ing to the model (n; �; �; %�) = (10; 9:0; 0:12; 0:01),
with the curves in Fig. 1. Also note the similarities be-
tween the curves in Fig. 5 corresponding to the model,
(n; �; �; %�) = (10; 1:5; 0:2; 0:2), with the curves in
Fig. 2.

6. Glioma application

In this section, we apply the variable-selection the-
ory to real gene-expression data from glioma patients.
We will see that there are similarities between the be-
havior of the simulation-based coe!cients and those
from actual cancer patients. More importantly, the
loss of high coe!cients will be seen to be relatively
small even when signi>cant computational savings are
achieved.
The study of expression-level prediction has re-

cently been made possible by the development of
cDNA microarrays, in which transcript levels can be
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signi>cant CoDs, (d) loss for nonredundant signi>cant CoDs, and (e) loss for signi>cant CoDs × computational saving.
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determined for thousands of genes simultaneously
[4,6,11]. Microarray data has been used to design
discrete nonlinear predictors and >nd signi>cant
CoDs among the genes, the variables being gene ex-
pression levels [8,9]. The data are discrete because
the analog expression levels are quantized. Here we
consider binary quantization: [0 (down-regulated),
1 (up-regulated)]. Ternary quantization can be used
when a test of signi>cance is applied to determine
down or up regulation: [−1 (down-regulated), 1
(up-regulated), or 0 (invariant)]. External stimuli are
quanti>ed as 1 [present] and 0 [not present]. Because
there are many genes and a very small number of
microarrays, it is not practical to precisely design
classi>ers, but it is possible to estimate CoDs. Here
we consider binarized expression data for 597 genes
derived from 26 human glioma surgical tissue sam-
ples [7].
We have chosen 47 target genes from the 597 genes.

To compute the computational savings and risks, for
each target gene, we have estimated the CoDs for all
combinations of one, two and three predictors from
the other 596 genes. This has been done by using a
massively parallel computer. CoD estimation involves
estimating the optimal classi>er from the data, using
cross-validation to estimate the Bayes error, and then
forming an estimate �̂ of � according to the de>ni-
tion of the CoD. In the estimation setting it may not
be true that the data directly yields max{�̂i; �̂j}6 �̂i; j;
however, given that max{�i; �j}6 �i; j, if this relation
is not directly given by the data, then the estimate of
�i; j is taken to be max{�̂i; �̂j} [8]. Figs. 6–8 present
the computational savings �̂ij(�), the risk �̂ij(�; �) of
losing signi>cant CoDs, and the probability �̂ij(�; �)
of not computing signi>cant coe!cients, respectively,
for the glioma data across all 47 target genes when
using two and three predictors (the “hat” notation in-
dicating that these values have been computed from
sample data, not a theoretical probability distribution).
Table 1 shows the number of computed and not

computed signi>cant coe!cients for various pairs of �
and �. It also shows the computational savings, which
are substantial. The loss of signi>cant CoDs (not com-
puted column) is quite small when � − � = 0:2, and
very small when �− �= 0:3.
Fig. 9 shows the probability �̂ij(�; �) of not comput-

ing nonredundantly signi>cant coe!cients. As in the
model-based simulations, the results are not as striking
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Fig. 6. Computational saving for glioma data.

as for the probability �̂ij(�; �) of not computing sig-
ni>cant coe!cients, shown in Fig. 8. Nonetheless, for
high � values the probabilities are modest for �=0:3,
�̂ij(0:3; 0:7) ≈ �̂ij(0:3; 0:8) ≈ 0:2 for both two and
three predictors, and �̂ij(0:3; 0:8)¡ 0:3 for three pre-
dictors. Referring to Fig. 6, we see that, for both two
and three predictors, there is signi>cant computational
savings, with �̂ij(0:3)¿ 0:9. Moreover, when compar-
ing �̂ij(�; �) to �̂ij(�; �), it must be remembered that
the loss is mitigated because the redundantly signi>-
cant coe!cients are not computed, and therefore, al-
though we know they are signi>cant, we do not know
their actual values, which we would know in the case
of �̂ij(�; �) and which often must be known—for in-
stance, in the case of probabilistic Boolean networks.
Finally, the loss of signi>cant coe!cients versus

computational saving for � = 0:3 for the glioma data
for two and three predictors is presented in Fig. 10.
In practice, one would like to be able to use the

various sets of curves to make computational deci-
sions based on increments of interest. One potential
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approach to this problem is to have a model whose
parameters can be estimated from the data, and then
generate the curves for the model. A key obstacle to
this approach is >nding a model that is su!ciently
complex to produce curves that su!ciently approxi-
mate the curves for the population of interest. If this
can be accomplished, then a second issue would be
to >nd satisfactory estimators of the model parame-
ters. Leaving this problem to future research, we here
consider a di3erent approach.
If one has a large number of genes, say 500 or

1000, the CoD computations for three-predictor vari-
ables are prohibitive and require extensive time on a
supercomputer. One way to use the theory presented
in this paper is to choose a manageable subset of the
total and compute the relevant curves for that subset.
If these curves su!ciently approximate the curves for
the full set, then computational decisions can be based

on the curves from the subset. To test the feasibility
of this approach, we have randomly chosen 50 sub-
sets of 25 genes from the set of 47 genes, computed
the relevant curves for each of the 50 subsets, and
found the mean curves for �ij(�), �ij(�; �), �ij(�; �),
and �ij(�; �). These mean curves are shown in Fig. 11
for three predictors. Note how close they are to the
full-glioma-set curves. This indicates that, on aver-
age, choosing a subset of 25 genes provides accurate
curves.
A salient issue remains: if we randomly select a sin-

gle subset of 25 genes from a set of 1000 genes and use
the curves for the subset of 25 genes to make decisions,
what kind of deviation from the mean of all possible
25-gene subsets can we expect for the four types of
curves? To address this question, we have computed
the variance curves for 0:26 �6 0:6 (below which
computational savings are too low and above which
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Table 1
Computed and not computed signi>cant CoDs

Number of predictors � � Computational Signi>cant coe!cients Signi>cant coe!cients
saving of determination of determination

that are computed that are not computed

02 0.40 0.60 97.74% 14016 (90.11%) 1538 (9.89%)
03 0.40 0.60 96.64% 5104453 (80.16%) 1263560 (19.84%)

02 0.40 0.70 97.74% 3970 (95.64%) 181 (4.36%)
03 0.40 0.70 96.64% 1345615 (89.39%) 159741 (10.61%)

02 0.40 0.80 97.74% 1245 (98.50%) 19 (1.50%)
03 0.40 0.80 96.64% 394852 (95.94%) 16722 (4.06%)

02 0.50 0.70 99.40% 3838 (92.46%) 313 (7.54%)
03 0.50 0.70 99.10% 1246813 (82.83%) 258543 (17.17%)

02 0.50 0.80 99.40% 1234 (97.63%) 30 (2.37%)
03 0.50 0.80 99.10% 385966 (93.78%) 25608 (6.22%)

02 0.60 0.80 99.86% 1226 (96.99%) 38 (3.01%)
03 0.60 0.80 99.80% 379110 (92.11%) 32464 (7.89%)

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

L
os

s

� 

2 Predictors

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

L
os

s

� 

3 Predictors

� = 0 . 5
� = 0 . 6
� = 0 . 7
� = 0 . 8

� = 0 . 5
� = 0 . 6
� = 0 . 7
� = 0 . 8

Fig. 9. Loss for nonredundant signi>cant CoDs for glioma data.

computational savings exceed 99%) corresponding to
�ij(�), �ij(�; �), �ij(�; �), and �ij(�; �) for three pre-
dictors using the same 50 randomly selected subsets.
These are shown in Fig. 12. For the cases of �ij(�; �),
�ij(�; �), and �ij(�; �), the variance is very small for
the lower values of �, which is when the probabilities
are higher. The variance is higher for higher values of
�, but in this case the probabilities are much smaller,
so that a larger variance does not portend as much
chance of having a large risk or loss when using the
mean curves. Indeed, one can adjust the mean curves

by adding a standard deviation at each value of � to
lessen the possibility of an optimistic assessment.

7. Algorithm

In this section, we present an algorithm for selecting
subsets (with a >xed cardinality p, 1¡p6 n) from
the set {X1; X2; : : : ; Xn} to compute CoDs under the
maximum requirement, max{�j1 ; �j2 ; : : : ; �jp}¡�. To
motivate the section, let us consider the simple case
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Fig. 11. Mean curves for glioma data: (a) computational saving, (b) risk of losing signi>cant CoDs, (c) loss for signi>cant CoDs, and
(d) loss for nonredundant signi>cant CoDs.
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where p=2. In this case, a trivial selection procedure
is given by the following algorithm:

for each i1 in {1; 2; : : : ; n− 1} do
for each i2 in {i1 + 1; : : : ; n} do

if max{�i1 ; �i2}¿ � then
compute �i1 ;i2 .

Although this algorithm selects exactly the CoDs
according to the criterion max{�i1 ; �i2}¿ �, there is
no di3erence (in terms of time complexity) between
it and the algorithm that computes all CoDs for two
variables. In fact, the former performsC(n; 2) compar-
isons and the latter C(n; 2) computations. We present
an e!cient algorithm for selecting subsets to compute
CoDs.
If one of the coe!cients in {�i1 ; �i2 ; : : : ; �ip} is

greater than or equal to �, then max{�i1 ; �i2 ; : : : ; �ip}¿
�. Thus, we can proceed in the following way.
Sort the coe!cients in {�1; �2; : : : ; �n} to obtain
{�j1 ; �j2 ; : : : ; �jn} such that �j1 ¿ �j2 ¿ · · ·¿ �jn , and
then apply the following algorithm:

Algorithm Select:
Input: {�j1 ; �j2 ; : : : ; �jn},

such that �j1 ¿ �j2 ¿ · · ·¿ �jn ,
�∈ [0; 1] and 1¡p6 n.

Output: �ji1 ;ji2 ;:::;jip
such that

max{�ji1
; �ji2

; : : : ; �jip }¿ �.

Let q=min{|{i: �i¿ �}|, n− p+ 1}.
for each i1 in {1; 2; : : : ; q} do

for each i2 in {i1 + 1; : : : ; n− p+ 2} do
for each i3 in {i2 + 1; : : : ; n− p+ 3} do

. . .
for each ip−1 in {ip−2 + 1; : : : ; n− 1} do
for each ip in {ip−1 + 1; : : : ; n} do
compute �ji1 ;ji2 ;:::;jip

.

We state two propositions without proof. The
>rst assures correctness. The second gives the time
complexity.

Proposition 2. Let 1¡p6 n and 16 i1 ¡i2 ¡ · · ·
¡ip6 n. The CoD �ji1 ;ji2 ;:::;jip

is computed by Select
if and only if max{�ji1

; �ji2
; : : : ; �jip }¿ �.

Proposition 3. Let 1¡p6 n and q = min{|{i: �i

¿ �}|; n−p+1}. The time complexity of the algo-
rithm Select is F(n; p; q), where

F(n; p; q) =




C(n; p) if q= n− p+ 1;

C(n; p)

−C(n− q; p) if q¡n− p+ 1

and where n, p and q are integers such that n¿ 0,
1¡p6 n and 06 q6 n− p+ 1.

To prove that the algorithm Select is the best one in
terms of time complexity, we have to show that, given
1¡p6 n and �∈ [0; 1], the cardinality of the sets
S(p; �) = {{ji1 ; ji2 ; : : : ; jip}: �ji1 ;ji2 ;:::;jip

is computed by Select}
and

A(p; �) = {{ji1 ; ji2 ; : : : ; jip}: 16 i1 ¡i2 ¡ · · ·¡ip

6 n and max{�ji1
; �ji2

; : : : ; �jip }¿ �}
areboth equal toF(n; p; q),whereq=min{|{i: �i¿�}|;
n − p + 1}. In fact, by Proposition 2, we have that
S(p; �)=A(p; �) and, by Proposition 3, |S(p; �)|=
F(n; p; q).
Now, by the results obtained from this section, we

can easily compute the computational saving of the
algorithm Select. In fact, given �, we can compute q=
min{|{i: �i¿ �}|; n−p+1}, and the computational
saving for Select is given by

1− F(n; p; q)
C(n; p)

:

Note that this value must agree the computational sav-
ing P(max{�i1 ; �i2 ; : : : ; �ip}¡�).
To conclude, we comment on how to >nd the value

for � given the sorted set {�j1 ; �j2 ; : : : ; �jn} and a de-
sired number M ¡C(n; p) of CoDs we wish to com-
pute. This situation arises when M imposes a limit
on the number of computations allowed, which would
constitute a real-time requirement. Since F(n; p; q) is
the number coe!cients computed by Select, then we
must >nd q¡n− p+ 1 such that

F(n; p; q) = C(n; p)− C(n− q; p)6M
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Fig. 12. Variance curves for glioma data: (a) computational saving, (b) risk of losing signi>cant CoDs, (c) loss for signi>cant CoDs, and
(d) loss for nonredundant signi>cant CoDs.

and

M ¡C(n; q)− C(n− (q+ 1); p) = F(n; p; q+ 1):

Once the value for q is found, it is easy to see that
�= �jq .

8. Conclusion

A rigorous analysis of feature selection based on in-
cremental determination has been provided. This anal-
ysis shows the possible bene>ts of such a methodology
based on a probabilistic analysis of both the loss of
feature sets and the gain in computational e!ciency.
Given the desire in practical genomic applications to
>nd potentially good predictor sets, in many circum-
stances the loss may well be o3set by the enormous

savings in computation, which could be su!ciently
great to preclude an exhaustive search.
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