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Reconstruction of genetic regulatory networks from time series data of gene expression patterns is an
important research topic in bioinformatics. Probabilistic Boolean Networks (PBNs) have been proposed
as an effective model for gene regulatory networks. PBNs are able to cope with uncertainty, corporate
rule-based dependencies between genes and discover the sensitivity of genes in their interactions with
other genes. However, PBNs are unlikely to use directly in practice because of huge amount of compu-
tational cost for obtaining predictors and their corresponding probabilities. In this paper, we propose a
multivariate Markov model for approximating PBNs and describing the dynamics of a genetic network
for gene expression sequences. The main contribution of the new model is to preserve the strength of
PBNs and reduce the complexity of the networks. The number of parameters of our proposed model is
O(n2) where n is the number of genes involved. We also develop efficient estimation methods for solving
the model parameters. Numerical examples on synthetic data sets and practical yeast data sequences are
given to demonstrate the effectiveness of the proposed model.

Keywords: Genetic networks; probabilistic Booleon networks; multivariate Markov chains; gene expression
sequences.

1. Introduction

One of important research topics in genomics and
systems biology is to understand the mechanism in
which cells execute and control a huge number of
operations for normal functions, and also the way
in which the cellular systems fail in diseases. Var-
ious kinds of models have been proposed for solv-
ing this problem, based on such methods as neural
networks, non-linear ordinary differential equations,

Petri nets, see for instance Smolden et al.,29 Bower2

and de Jong.9 Another approach is to model the
genetic regulatory system by a Boolean network
and infer the network structure and parameters by
real gene expression data. The strengths and weak-
nesses of different genetic modeling approaches have
been analyzed in Wessels et al.32 Then by using the
inferred network model, one may be able to dis-
cover the underlying gene regulatory mechanisms
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and therefore it helps to make useful predictions
by using computer simulations. The Boolean net-
work model was first introduced by Kauffman.18

Good views of this model can be found in Akutsu
et al.,1 Kauffman,18 and Shmulevich et al.26–28 In
this network model, each gene is regarded as a ver-
tex of the network and is quantized into two lev-
els only (express (0) or not-express (1)). Akutsu
et al.1 proposed the noisy Boolean networks together
with an identification algorithm. In their model,
they relax the requirement of consistency imposed
by the Boolean functions. Regarding the effective-
ness of a Boolean formalism, Shmulevich et al.26–28

proposed a Probabilistic Boolean network (PBN)
that can share the appealing rule-based properties
of Boolean networks and it is robust in the presence
of uncertainty. Their model is able to show a clear
separation between different subtypes of gliomas as
well as between different sarcomas by using multi-
dimensional scaling. A logical representation of cell
cycle regulation can also be found in Shmulevich
et al.26–28. Furthermore, a structural intervention
method is proposed for controlling the stationary
behavior in PBNs, see Shmulevich et al.26–28 It
should be noted that many of existing studies on
genetic network reconstruction employ gene expres-
sion data obtained by using the DNA microar-
ray technology, which is based on hybridization of
cDNAs and differential expression. However, it is
widely recognized that for DNA microarrays, there
exist several problems on reproducibility of measure-
ments and between-slide variation, see for instance
Chen et al.,5 Khan et al.19 and Tsodikov et al.30

Moreover, genetic regulation also exhibits uncer-
tainty on the biological level. Therefore, it seems
reasonable to use probabilistic models such as PBNs
for genetic network reconstruction from microarray
data.

The dynamics of a PBN can be studied in the con-
text of a standard Markov chain. However, for both
noisy Boolean networks and the PBNs, the number of
parameters (Boolean functions) grows exponentially
with respect to the number of genes n, and there-
fore heuristic methods are needed for model training
Akutsu et al.1 The main contribution of this paper is
to propose a multivariate Markov model (a stochas-
tic model) which allows both the intra- and inter-
transition probabilities among the gene expression
sequences. The number of parameters in the model

is only O(n2). We develop efficient model parameters
estimation methods based on linear programming.
We also propose a method for recovering the struc-
ture and rules for a given Boolean network.

The rest of the paper is organized as follows. In
Sec. 2, we give a review on both Boolean networks
and Probabilistic Boolean networks. In Sec. 3, we
propose the multivariate Markov model for Boolean
networks. In Sec. 4, the estimation methods for the
probability of a predictor function based on our
model parameters are illustrated. In Sec. 5, the esti-
mation methods for model parameters are given. In
Sec. 6, we apply the proposed model and method
to both synthetic data and practical gene expression
data of yeast. Finally, concluding remarks are given
to address further research issues in Sec. 7.

2. Probabilistic Boolean Network

Boolean network models are commonly used for
studying generic coarse-grained properties of large
genetic networks without knowing specific quantita-
tive details. Boolean network is deterministic, the
only uncertainty can be introduced is the initial
starting state. Generally speaking, a Boolean net-
work G(V,F) consists of a set of nodes

V = {v1, v2, . . . , vn}
and vi(t) represents the state (0 or 1) of vi at time t.
A list of Boolean functions

F = {f (1), f (2), . . . , f (n)}
represents the rules regulatory interaction between
nodes:

vi(t + 1) = f (i)(v(t)), i = 1, 2, . . . , n,

where

v(t) = (v1(t), v2(t), . . . , vn(t)).

In general, there may exist some unnecessary nodes
in a Boolean function. For a Boolean function f (j),
the variable vi(t) is fictitious if

f (j)(v1(t), . . . , vi−1(t), 0, vi+1(t), . . . , vn(t))

= f (j)(v1(t), . . . , vi−1(t), 1, vi+1(t), . . . , vn(t))

for all possible values of

v1(t), . . . , vi−1(t), vi+1(t), . . . , vn(t).

We remark that when a Boolean network is used
in the construction of underlying genetic networks,
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then n represents the number of genes under consid-
eration, each vertex vi represents the ith gene, and
vi(t) represents the expression level of the ith gene
at time t, taking either 0 or 1. The expression level
of each gene is functionally related to that of other
genes. Computational models that reveal these logi-
cal relations have been constructed in Bodnar et al.,4

Mendoza et al.22 and Huang et al.15

Standard Boolean networks are deterministic.
However, assuming an inherent determinism is not
quite reasonable as it assumes a biological environ-
ment having no uncertainty. The existence of regu-
larity of genetic function and interaction is caused
by intrinsic self-organizing stability of the dynamical
system instead of “hard-wired” logical rules, Shmule-
vich et al.26–28. In the empirical aspect, sample noise
and relatively small amount of samples may cause
incorrect results in logical rules. In order to over-
come the deterministic rigidity of Boolean networks,
the development of Probabilistic Boolean networks
(PBNs) is essential. Not only PBN shares the appeal-
ing properties of Boolean networks, but also it is able
to cope with the uncertainty, including the data and
model selection, Shmulevich et al.26–28

PBNs were firstly proposed by Shmulevich
et al.26–28 for genetic regulatory network. The model
can be written as:

Fi =
{
f

(i)
j

}
j=1,...,l(i)

,

where each f
(i)
j is a predictor determining the value

of the gene vi and l(i) is the number of possible pre-
dictors for the gene vi. It is clear that

F =
n⋃

i=1

Fi.

We notice that when the number of possible PBN
realization N is equal to 1 (i.e.,

∏n
i=1 l(i) = 1), the

PBN reduces to the standard Boolean network. Let
c
(i)
j be the probability that the jth predictor, f

(i)
j ,

is chosen to predict a state of the ith gene and this
probability can be estimated by Coefficient of Deter-
mination (COD); Dougherty et al.10 Let us briefly
describe COD here. Let ε

(i)
j be the optimal error

achieved by f
(i)
j and εi is the error of best estimate of

ith gene in the absence of any conditional variable,
then we have

θ
(i)
j =

εi − ε
(i)
j

εi
.

For all positive θ
(i)
j , we can obtain c

(i)
j by:

c
(i)
j =




θ
(i)
j∑l(i)

k=1{θ(i)
k : θ

(i)
k > 0}

, if θ
(i)
j ≥ 0,

0, otherwise.

and c
(i)
j must satisfies

l(i)∑
j=1

c
(i)
j = 1. for i = 1, . . . , n.

For any given time point, the expression level of the
ith gene is determined by one of the possible pre-
dictors f

(i)
j for 1 ≤ j ≤ l(i). The probability of a

transition from v(t) to v(t + 1) can be obtained as
follows:

n∏
i=1


 l(i)∑

k=1

{
c
(i)
k : f

(i)
k (v(t)) = vi(t + 1)

} .

On the other hand, the level of influences from gene j

to gene i can be estimated by Ij(vi) =

l(i)∑
k=1

Prob(f (i)
k (v1, . . . , vj−1, 0, vj+1, . . . , vn)

�= f
(i)
k (v1, . . . , vj−1, 1, vj+1, . . . , vn))c(i)

k . (1)

Before evaluating either state transition probabili-
ties or Ij(vi), we first need to obtain all the pre-
dictors

⋃n
i=1 Fi. We remark that for each set of Fi

with 1 ≤ i ≤ n, the maximum number of possi-
ble predictors is equal to 22n

as 1 ≤ l(i) ≤ 22n

.
This is also true for their corresponding probabilities
{c(i)

1 , . . . , c
(i)
l(i)}. It implies that the number of param-

eters in the PBN model is of O(n22n

). Obviously, the
number of parameters increases double-exponentially
with respect the number of genes n. Moreover, the
COD used in obtaining c

(i)
k must be estimated from

the training data. Hence, it is almost impractical to
apply this model due to either its model complexity
or parameters imprecision owing to limited sample
size. For the microarray-based analysis done by Kim
et al.,20 the number of genes in each set of Fi was
kept to a maximum of three.

We notice that PBN is a discrete-time process,
the probability distribution of gene expression at
time t + 1 of the ith gene can be estimated by the
gene expression of other n genes at time t via one-lag
transition matrix. This is a Markov process frame-
work. In next section, we propose and develop a
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multivariate Markov model for the construction of
genetic networks.

3. Multivariate Markov Chain Models

In this section, we propose our multivariate Markov
chain model to infer the genetic network of n genes.
In our model, each gene sequence can be regarded as
a Markov chain with two states (0 or 1) and no prior
information on n genes relationships is assumed. Our
proposed model is used to uncover the underlying
various gene relationships, including genes and genes
cyclic or acyclic relationships.

In a standard PBN network G(V,F), a single
sequence (corresponding to time series data for one
gene) in PBNs {v(1), . . . , v(T )} is logically repre-
sented as a sequence of vectors V1, . . . , VT , where T

is the length of the sequence, and Vj = Ek (Ek is the
unit column vector with the (k + 1)th entry being
one) if v(j) = k (i.e., it is in the expression level k,
k = 0 or 1). A first-order discrete-time Markov chain
satisfies the following relationship:

Prob(Vt+1 = Ev(t+1) | V0 = Ev(0), . . . , Vt = Ev(t))

= Prob(Vt+1 = Ev(t+1) | Vt = Ev(t)).

These probabilities are assumed to be independent
of t and can be written as

pij = Prob(Vt+1 = Ei | Vt = Ej), ∀ i, j ∈ {0, 1}.
The matrix P , such that Pij = pij is called the tran-
sition probability matrix.

For a network of n genes, our model assumes
the following relationship among the gene expression
sequences:

V(j)
t+1 =

n∑
k=1

λjkP (jk)V(k)
t , j = 1, 2, . . . , n (2)

where

λjk ≥ 0 for 1 ≤ j, k ≤ n and
n∑

k=1

λjk = 1, (3)

and V(i)
t is the expression level probability distribu-

tion of the ith gene at the time t. From the above
relationship, the expression probability distribution
of the jth gene at the (t + 1)th base depends on the
weighted average of P (jk)V(k)

t . The most proper par-
ent genes for jth gene (i.e., V(j)

t+1) can be retrieved
from the corresponding λjk. The higher value of λjk

implies stronger parents and descendants relation-
ship between jth and kth gene. When this process is

repeated for each j, the whole genetic network could
be constructed. If there exists a set of genes

{V (jh) : h = 1, 2, . . . , w and jh ∈ (1, 2, . . . , n)}
such that for any gene in this set, the rest of genes
are the only candidate being a corresponding parent
gene, then this set of genes forms a cycle. Here P (jk)

is a transition probability matrix from the kth gene
to the jth gene. In matrix form, we write

Vt+1 ≡




V(1)
t+1

V(2)
t+1

...

V(n)
t+1




= Q




V(1)
t

V(2)
t

...

V(n)
t


 ≡ QVt

where

Q =




λ11P
(11) λ12P

(12) · · · λ1nP (1n)

λ21P
(21) λ22P

(22) · · · λ2nP (2n)

...
...

...
...

λn1P
(n1) λn2P

(n2) · · · λnnP (nn)


 .

Each column sum of Q is not necessarily equal to
one and therefore it is not a transition probability
matrix. But the column sum of each of P (jk) is equal
to one, so it is a transition probability matrix. In fact,
the one-step transition probability matrices P (jk)

describe the transition of states from sequence j to
sequence i.

Here we present two theorems on our multivari-
ate model as in Ching et al.6 Before that, we need
the following two lemmas. The proofs of the lemmas
can be found in Berman et al.3 Given a transition
probability matrix P of a finite Markov chain, we
have

Lemma 1. The matrix P has an eigenvalue equal
to one and all the eigenvalues of P must have mod-
ulus less than or equal to one.

Lemma 2 (Perron-Frobenius Theorem). Let A

be a nonnegative and irreducible square matrix of
order m. Then we have

(i) A has a positive real eigenvalue λ which is equal
to its spectral radius, i.e.,

λ = max
k

|λk(A)|

where λk(A) denotes the kth eigenvalue of A.
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(ii) There corresponds an eigenvector z with all
its entries beingreal and positive, such that
Az = λz.

(iii) λ is a simple eigenvalue of A.

Theorem 1. If [λjk] is irreducible for 1 ≤ j, k ≤ n,

then the matrix Q has an eigenvalue equal to 1 and
the eigenvalues of Q have modulus less than or equal
to 1.

Proof. By using (3), the column sum of the follow-
ing matrix

Λ =




λ1,1 λ2,1 · · · λs,1

λ1,2 λ2,2 · · · λs,2

...
...

...
...

λ1,s λ2,s · · · λs,s




is equal one. Since Λ is nonnegative and irreducible,
by Lemma 2 (Perron-Frobenius Theorem) there
exists a vector

y = [y1, y2, . . . , ys]T

such that

Λy = y or yT ΛT = yT .

We note that

12P
(ij) = 12, 1 ≤ i, j ≤ s,

where 12 is the 1 × m vector of all ones, i.e.,

12 = [1, 1, . . . , 1].

Then it is easy to show that

[y112, y212, . . . , ys12]Q = [y112, y212, . . . , ys12].

and hence one is an eigenvalue of Q.
Next we show that all the eigenvalues of Q are

less than or equal to one. Let us define

|||z||| ≡ max
1≤i≤s

{||zi||1 : z = [z1, z2, · · · , zs],

zj ∈ R2, 1 ≤ j ≤ s}.
It is straightforward to show that ||| · ||| is a norm
on R2s. It follows that we have the following matrix
norm

|||Q||| ≡ sup{|||Qz||| : |||z||| = 1} .

Since P (ij) is a transition matrix, each element of
P (ij) are less than or equal to 1. We have

‖P (ij)zj‖1 ≤ ‖zj‖1 ≤ 1, 1 ≤ i, j ≤ s.

It follows that

‖λi1P
(i1)z1 + λi2P

(i2)z2 + · · · + λisP
(is)zs‖1

≤ |||z||| ·
s∑

j=1

λij = 1,

for 1 ≤ i ≤ s and hence |||Q||| ≤ 1. Since the spectral
radius of Q is always less than or equal to any matrix
norm of Q and the result follows.

Theorem 2. Suppose that P (jk) (1 ≤ j, k ≤ n) are
irreducible and λjk > 0 for 1 ≤ j, k ≤ n. Then there
is a vector

V̄ = [V̄(1), V̄(2), . . . , V̄(n)]T

such that V̄ = QV̄ and

m∑
i=1

[V̄(j)]i = 1, 1 ≤ j ≤ n.

where m is the number of states.

Proof. By Lemmas 1 and 2, there is exactly one
eigenvalue of Q equal to one. This implies that

lim
n→∞Qn = vuT

is a positive rank one matrix as Q is irreducible.
Therefore

lim
n→∞Vn+1 = lim

n→∞QnV0 = vuT V0 = αv.

Here α is a positive number since V �= 0 and is non-
negative. This implies that Vn tends to a stationary
vector as n goes to infinity. Finally, we note that if
V0 is a vector such that

m∑
i=1

[V(j)
0 ]i = 1, 1 ≤ j ≤ s,

then QV0 is also a vector having this property. Hence
the result follows. We also note that according to this
theorem, the vector V is not a probability distri-
bution vector, but V(j) is a probability distribution
vector.

4. Efficient Estimation of the
Probability of Predictor Function c(d)

g

From our own model parameters, it is sufficient
to uncover the gene regulatory network. However,
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one would like to have a performance comparison
between PBNs and our model. Thus, we illustrate a
method to estimate commonly used PBN parameters
efficiently from our model parameters. In PBNs with
n genes, there are n disjoint sets of predictors Fi and
each of them is used for an unique gene sequence. In
particular, for the dth set of predictors Fd, we notice
that the possibility corresponding to each predictor
f

(d)
j can be obtained from our probability stationary

vector and the detail is given as follows. First, by
replacing j by d in Eq. (2), one can estimate the con-
ditional probability distribution X

(d)
i1,...,in

for d output
expression at base t+1 given by a set of genes input
expression at base t, i.e.,

X
(d)
i1,...,in

= Prob(V (d)
t+1 | V

(k)
t = Eik

for k = 1, . . . , n)

=
n∑

k=1

λdkP (dk)Eik

=
n∑

k=1

λdkP
(dk)
(·,ik)

where ik ∈ {0, 1} and P
(dk)
(·,i) denote the i column of

P (dk). Clearly, each probability vector X
(d)
i1,...,in

is a
unit vector and for each d, there are 2n number of
probability vectors we need to estimate. If λdj=0 for
some j ∈ {1, . . . , n}, it represents that the jth gene
does not have any influence to the dth gene, and

X
(d)
i1,...,ij−1,0,ij+1,...,in

≡ X
(d)
i1,...,ij−1,1,ij+1,...,in

the number of estimated probability vectors could be
reduced by half. After all the essential X

(d)
i1,...,in

have

been estimated, the probability c
(d)
g of the predictor

f
(d)
g can be estimated by

c(d)
g =

∏
ik∈{0,1},k=1,...,n

X
(d)
i1,...,in

(f (d)
g (i1, . . . , in) + 1)

where Xi1,...,in(h) denotes the h entry of the vector
Xi1,...,in and f

(d)
g (i1, . . . , in) ∈ {0, 1}. If c

(d)
g = 0,

then the predictor function f
(d)
g does not exist and it

should be eliminated. It is interesting to justify how
the expression of ith gene is affected by the expres-
sion of jth gene, therefore, the degree of sensitivity
from jth gene to ith gene can be estimated by Eq. (1)
mentioned in previous section. We notice that there
are two situations that Ij(Vi) = 0, Shmulevich et al.
(2002), namely,

• If λij = 0, then jth gene does not give any influ-
ence on ith gene.

• The first two columns of the matrix P (ij) are iden-
tical, that means no matter the expression of jth
gene is, the result of the probability vector is not
affected.

5. Model Parameters Estimation

In this section, we propose methods to estimate P (jk)

and λjk. For the ith and the jth of the n genes, we
estimate the transition probability matrix P (jk) by
the following method. We first count the transition
frequency from one expression in jth gene to another
expression in ith gene. After the usual normalization,
we obtain an estimate of the transition probability
matrix. Totally, we have to estimate n2 m-by-m such
transition probability matrices for the multivariate
Markov model. Here m is the number of possible
expression levels and can take any postive integers.
In our application here, we take m = 2. More pre-
cisely, we count the transition frequency d

(jk)
ijik

from
the expression ik in the gene {vk} at time t to the
expression ij in the gene {vj} at time t+1 and there-
fore we construct the transition frequency matrix for
the sequences as follows:

D(jk) =




d
(jk)
11 · · · d

(jk)
1m

...
. . .

...

d
(jk)
m1 · · · d

(jk)
mm


 .

From D(jk), we obtain the estimate for P (jk) as fol-
lows:

P̂ (jk) =




p̂
(jk)
11 · · · p̂

(jk)
1m

...
. . .

...

p̂
(jk)
m1 · · · p̂

(jk)
mm




where

p̂
(jk)
ab =




d
(jk)
ab∑m

a=1d
(jk)
ab

if
m∑

a=1

d
(jk)
ab �= 0

1
m

otherwise.

Though the estimation method may be modified for
using pseudocounts, some procedure will be required
for adjusting psuedocount parameters.

Besides P̂ (jk), we need to estimate the param-
eters λjk. We have shown that the multivariate
Markov model has a “stationary vector of distri-
butions” V̄ in Theorem 2. The vector V̄ can be
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estimated from the gene expression sequences by
computing the proportion of the occurrence of each
expression gene and let us denote it by

V̂ = (V̂(1), V̂(2), . . . , V̂(n))T .

We therefore expect Q̂V̂ ≈ V̂ where

Q̂ =




λ11P̂
(11) λ12P̂

(12) · · · λ1nP̂ (1n)

λ21P̂
(21) λ22P̂

(22) · · · λ2nP̂ (2n)

...
...

...
...

λn1P̂
(n1) λn2P̂

(n2) · · · λnnP̂ (nn)


 .

From above equation, it suggests one possible way
to estimate the parameters Λ = {λjk} as follows.
For each j, we consider the following optimization
problem:

min
λ

||Q̂V̂ − V̂||∞
subject to

n∑
k=1

λjk = 1, and λjk ≥ 0, ∀ k

or equivalently

min
λ

max
i

∣∣∣∣∣
[

n∑
k=1

λjkP̂ (jk)V̂(k) − V̂(j)

]
i

∣∣∣∣∣
subject to

n∑
k=1

λjk = 1, and λjk ≥ 0, ∀ k.

Here [·] denote the ith entry of the vector. This opti-
mization problem is equivalent to the following linear
program:

min
λ

wj

subject to 


wj

wj

...

wj




≥ V̂(j) − B




λj1

λj2

...

λjn




and 


wj

wj

...

wj


 ≥ −V̂(j) + B




λj1

λj2

...

λjn


 ,

for all 1 ≤ j ≤ n

wj ≥ 0,
n∑

k=1

λjk = 1, and λjk ≥ 0, ∀ k.

where

B = [P̂ (j1)V̂(1) | P̂ (j2)V̂(2) | . . . , | P̂ (jn)V̂(n)].

Since there are n independent linear programming
(LP) problems of each being n constraints and n

variables, the expected total computational complex-
ity of solving such LPs is of O(n4), see for instance
Fang and Puthenpura.11 A worked example of the
proposed algorithm can be found in Ching et al.7

5.1. The fitness of our model

Given all the state vectors V(k)
t with k = 1, . . . , n,

the state probability distribution V(k)
t+1 can be esti-

mated by using (2). According to this state probabil-
ity distribution, one may predict the state v̂j(t + 1)
for the jth sequence at time t+1 by taking the state
with the maximum probability, i.e.,

v̂j(t + 1) = k − 1,

if [V̂(j)(t + 1)]i ≤ [V̂(j)(t + 1)]k for all 1 ≤ i ≤ 2.
By making use of this treatment, our multivari-

ate Markov model can be used to uncover the rules
(build a truth table) for PBNs. With higher predic-
tion accuracy, we have more confidence that the true
genetic networks are uncovered by our model. To
evaluate the performance and effectiveness, the pre-
diction accuracy of all individual sequences r and the
joint sequences R are defined respectively as follow:

r =
1

nT
×

n∑
i=1

T∑
t=1

δ
(i)
t × 100%,

where

δ
(i)
t =

{
1, if v̂i(t) = vi(t)
0, otherwise.

and

R =
1
T

×
T∑

t=1

δt × 100%,

where

δt =
{

1, if v̂i(t) = vi(t) for all 1 ≤ i ≤ n

0, otherwise.

Here T is the length of the data sequence. From the
values of r and R, the accuracy of network realiza-
tion for an individual sequence and for a whole set
of sequences could be determined respectively.
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6. Numerical Experiments

In this section, we test our multivariate Markov
models with synthetic data sets and practical gene
expression sequences of yeast with a PC having
the following configurations: CPU = AMD 1800+,
RAM = 512 Mb and OS = Windows 2000 Profes-
sional. Here, we present three synthetic data tests. In
each of the tests, the experiments are repeated with
five different scenarios, they are noise free (0.0%),
2.5% noise, 5% noise, 10% noise and 20% noise.
For instance, in the case of 2.5% noise, we intro-
duce random errors in the generated data sequences
by randomly changing 2.5% of the data sequences.
Furthermore, in solving the linear programming
problem, both || · ||1 and || · ||∞ were tried for all the
numerical experiments. Since the numerical results
of both norms are quite similar, we only report the
result of using || · ||∞.

6.1. Test with synthetic data I

In the following, we give an example of a Boolean
network having four vertices. The Boolean network
is characterized by the truth table given in Table 1.
Given an input (I1, I2, I3, I4), the network has an
output (O1, O2, O3, O4). There are 24 = 16 possible
inputs (states) and their outputs (states) are listed
in Table 1. We denote the states by Si. With the
structural rules, the system ultimately transits into
so-called the attractor states Wuensche.33 In fact,
there are two cycles (two sets of attractor states) in
this Boolean network:

S7 → S13 → S14 → S10 → S7 and S2 → S2.

Let us denote the two cycles by C1 and C2 respec-
tively. Clearly beginning with any initial state Si,
eventually the network state will enter into either
the absorbing states form by C1 or C2. Hence the 16
states of the Boolean network can be classified into
two separate sets as follow:

D1 = {S1, S3, S4, S7, S10, S13, S14, S16}

and

D2 = {S2, S5, S6, S8, S9, S11, S12, S15}.

Here, we test our multivariate Markov model
with synthetic data generated by the truth table in
Table 1. The multivariate Markov model results are

Table 1. The truth table of the four-vertex Boolean
network.

Input Output

I1 I2 I3 I4 O1 O2 O3 O4

S1 0 0 0 0 1 1 1 1 S16

S2 0 0 0 1 0 0 0 1 S2

S3 0 0 1 0 1 1 0 1 S13

S4 0 1 0 0 1 0 1 1 S14

S5 1 0 0 0 0 1 1 1 S15

S6 0 0 1 1 1 1 0 0 S11

S7 0 1 0 1 1 1 0 1 S13

S8 1 0 0 1 0 0 0 1 S2

S9 0 1 1 0 1 0 0 0 S5

S10 1 0 1 0 0 1 0 1 S7

S11 1 1 0 0 1 1 1 0 S12

S12 1 1 1 0 0 1 1 0 S9

S13 1 1 0 1 1 0 1 1 S14

S14 1 0 1 1 1 0 1 0 S10

S15 0 1 1 1 1 0 0 1 S8

S16 1 1 1 1 0 1 0 0 S4

reported in Tables 2(a) and 2(b). We observe from
Tables 2(a) and 2(b) that the prediction accu-
racy slightly decreases when the noise percentage
increases linearly.

For each of the states Si(i = 1, 2, . . . , 16), we gen-
erate a sequence of (v1(t), v2(t), v3(t), v4(t)) of length

Table 2(a). Prediction accuracy of the multi-
variate Markov model (Part 1).

Prediction accuracy in %

Noise 0.0% 2.5% 5%

Initial state r% R% r% R% r% R%

S1 75 25 68 23 69 21
S2 100 100 98 91 95 83
S3 81 49 79 45 77 55
S4 98 95 94 83 93 79
S5 81 48 77 40 71 36
S6 81 49 78 46 76 38
S7 99 98 96 89 94 79
S8 100 100 98 91 95 82
S9 100 99 97 91 94 81
S10 100 100 98 92 95 81
S11 94 76 79 44 73 38
S12 94 75 74 24 70 37
S13 98 95 95 85 93 77
S14 81 49 64 26 72 39
S15 98 96 96 89 94 78
S16 74 24 72 24 71 21
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Table 2(b). Prediction accuracy of the
multivariate Markov model (Part 2).

Prediction accuracy in %

Noise 10% 20%

Initial state r% R% r% R%

S1 62 17 63 14
S2 90 65 80 37
S3 66 21 65 20
S4 87 63 77 42
S5 68 20 63 20
S6 71 35 62 14
S7 89 63 80 40
S8 90 68 81 41
S9 90 66 79 43
S10 90 65 81 36
S11 67 17 66 15
S12 71 21 64 14
S13 88 64 79 37
S14 66 23 62 15
S15 89 63 79 36
S16 66 23 61 13

T = 100 based on the truth table. The sequences are
then used to build

(i) a PBN by the COD method and
(ii) a multivariate Markov model by our proposed

method.

For each of the noise levels, the average values of
r and R for the 16 sequences with different initial
states and the average computational time for both
PBN and multivariate Markov model are reported in
Table 3.

In the experiments, although the prediction accu-
racy of our model in all cases is lower than that of
PBNs, the efficiency of our model is much better for
such small number of genes. It is expected that the

Table 3. Comparison on average prediction accuracy
with T = 100.

Prediction accuracy in %

PBN Multivariate model

Noise % r% R% Time (sec) r% R% Time (sec)

0.0 100 100 6.63 91 74 0.25
2.5 97 89 6.52 85 62 0.26
5.0 93 80 6.55 83 58 0.27

10.0 86 60 6.60 78 43 0.24
20.0 76 35 7.32 71 28 0.29

computational times of using our model are signifi-
cantly less than those using PBNs when the number
of genes is large. In the PBNs computational process,
we encounter some empty sets of Fi because all the
corresponding c

(i)
j are equal to zero. We have 3, 4,

4, 5 and 4 unsolvable cases out of 16 trios in noise
free, 2.5% noise, 5% noise, 10% noise and 20% noise
cases respectively. However, we do not have this kind
of problem in our model. Furthermore, the results on
our model represent fair high prediction accuracy in
all cases. We remark that the expected accuracy rate
for r and R are given as follows:

E[r] = E

[
1

nT
×

n∑
i=1

T∑
t=1

δ
(i)
t × 100%

]

=
1

nT
×

n∑
i=1

T∑
t=1

E(δ(i)
t ) × 100%

=
1
2
× 100% = 50%

and

E[R] = E

[
1
T

×
T∑

t=1

δt × 100%

]

=
1
T

×
T∑

t=1

(
1 · 1

2n
+ 0

)
× 100%

=
1
T

×
T∑

t=1

(
1 · 1

16
+ 0

)
× 100%

=
1
16

× 100% = 6.25%

where n is the number of sequences. We also tried
the case with T = 1000, and the average prediction
results are shown in Table 4.

Table 4. Comparison on average prediction accuracy
with T = 1000.

Prediction accuracy in %

PBN Multivariate model

Noise % r% R% Time (sec) r% R% Time (sec)

0.0 100 100 58.69 91 75 0.31
2.5 96 89 58.39 87 65 0.33
5.0 93 78 58.62 82 51 0.33

10.0 83 57 59.47 80 46 0.31
20.0 69 29 60.02 70 28 0.31
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Table 5. Prediction accuracy of
the multivariate Markov model.

n r% r%
E[r]% Time (sec)

Noise = 0
8 73.29 1.47 0.49

16 59.27 1.19 0.95
32 60.33 1.21 2.17
64 61.58 1.23 4.80

128 62.73 1.25 12.39

Noise = 2.5%
8 74.21 1.48 0.48

16 59.21 1.18 0.95
32 60.36 1.21 2.17
64 61.56 1.23 4.79

128 62.68 1.25 12.29

Noise = 5%
8 71.06 1.42 0.48

16 59.14 1.18 0.96
32 60.44 1.21 2.05
64 61.70 1.23 4.81

128 62.76 1.26 12.75

Noise = 10%
8 69.01 1.38 0.48

16 59.14 1.18 0.96
32 60.40 1.21 2.05
64 61.62 1.23 5.02

128 62.72 1.25 12.47

Noise = 20%
8 63.60 1.27 0.46

16 58.94 1.18 0.95
32 60.43 1.21 2.05
64 61.63 1.23 5.06

128 62.81 1.26 12.34

We notice that the prediction accuracy of PBNs
is decreased by 2.2% in both r and R, while the pre-
diction results of our model are increased by 0.4%
and 0% in r and R respectively. The computational
time is slightly increased to about 0.32 seconds for
our model. While for a PBN, the computational time
is increased to about 59.04 seconds.

6.2. Test with synthetic data II

In this subsection, we compare the average predic-
tion accuracy rates r and R as well as the average
computational time for various number of sequences,
n = 8, 16, 32, 64 and 128. In PBNs, even in the case
n = 8, the number of distinct predictors to be com-
puted is 228 ≈ 1.1579e + 077. If we are to com-
pute all of them in a PC, it requires approximately

3.36 × 1065 years. Therefore, we only report results
on our model where the sequence generating method
is similar to that in the previous subsection. Here
we choose the length T = 100 and repeat each case
50 times. The results are then reported in Table 5.
According to Table 5, the prediction accuracy only
decreases slightly even when the size of the network
increases linearly.

In this model, we notice that our model param-
eter estimation methods are very efficient. Actu-
ally, the computational time increases linearly with
respect to the number of sequences in the network.
When n ≥ 16, the prediction accuracy increases as
the size of n increase. This improvement may be
caused by the increased sized of training data. More-
over, the prediction accuracy is quite close with vari-
ous noise level. The main reason is that the length of
sequence T (= 100) is limited relative to the number
of possible networks (n22n

) and it is impossible to
obtain the true networks from the training data.

6.3. Test with synthetic data III

In the following, we give an example of a PBN hav-
ing four vertices. Firstly, we assume the PBN has the
following structure:

A → B

↓ ↙ ↓
C → D

and

B ↘
C → A

D ↗
The relationship between each sequence can be rep-
resented by following transition matrices:

A→B︷ ︸︸ ︷(
0.37 0.48

0.63 0.52

)
,

B,C,D→A︷ ︸︸ ︷(
0.40 0.49 0.24 0.38 0.34 0.03 0.06 0.68

0.60 0.51 0.76 0.62 0.66 0.97 0.94 0.32

)
,

A,B→C︷ ︸︸ ︷(
0.50 0.47 0.46 0.76

0.50 0.53 0.54 0.24

)
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Table 6. The Comparison on average
prediction accuracy.

Noise % r% R% Time (sec)

PBN
0.0 60.91 14.62 59.31
2.5 59.71 13.20 59.24
5.0 59.55 12.58 59.42

10.0 58.73 12.26 59.41
20.0 57.06 10.77 59.48

Multivariate Markov model

0.0 58.76 12.98 0.33
2.5 58.03 12.26 0.33
5.0 57.80 11.77 0.33

10.0 57.15 11.52 0.31
20.0 55.39 9.83 0.32

and
B,C→D︷ ︸︸ ︷(

0.44 0.41 0.54 0.44

0.56 0.59 0.46 0.56

)

Based on the above matrices, we generate 4
sequences with T = 1000. We repeat this process 10
times and the average results are shown in Table 6.

For instance, in the absence of noise, the average
value of λij is

Λ =




λ11 λ12 . . . λ1n

λ21 λ22 . . . λ2n

...
...

. . .
...

λn1 λn2 . . . λnn




=




0.2 0.7 0.1 0.0

0.4 0.5 0.1 0.0

0.4 0.2 0.3 0.1

0.1 0.2 0.3 0.4


 .

In the presence of cycle, our average results in
all cases are not far from the PBNs results but com-
putational time of PBNs is about 180 times of our
model. Furthermore, the resulting Λ is not a diag-
onal dominant matrix, which showed a strong cycle
relationship in this four sequences.

6.4. Test with the gene expression data
of yeast

Genome transcriptional analysis is important in
medicine, etiology and bioinformatics. One of the

applications of genome transcriptional analysis is
used for eukaryotic cell cycle in yeast. The fundamen-
tal periodicity in eukaryotic cell cycle includes the
events of DNA replication, chromosome segregation
and mitosis. Hartwell and Kastan14 suggested that
improper cell cycle regulation leads to genomic insta-
bility, especially in etiology of both hereditary and
spontaneous cancers, instances in Wang et al.;31 Hall
and Peters.13 Eventually, it is believed to play one of
the important roles in the etiology of both hereditary
and spontaneous cancers. Genome transcriptional
analysis helps in exploring the cell cycle regulation
and the mechanism behind the cell cycle. Raymond
et al.24 examined the presence of cell cycle-dependent
periodicity in 6220 transcripts and found that cell
cycle appears in about 7% of transcripts. Those tran-
scripts are then extracted for further examination.
When the time course was divided into early G1,
late G1, S, G2 and M phase, the result showed that
more than 24% of transcripts are directly adjacent
to other transcripts in the same cell cycle phase.
Further investigating result on those transcripts also
indicated that more than half are affected by more
than one cell cycle-dependent regulatory sequences.

The data set used in our study is the selected
set from Yeung and Ruzzo.34 In the discretization,
if an expression level is above (below) its standard
deviation from the average expression of the gene,
it is over-expressed (under-expressed) and the cor-
responding state is 1 (0), we intend to find out this
relationship from 213 well-known yeast transcripts
with cell cycle in order to illustrate the ability of our
proposed model. This problem can be solved by a
PBN theoretically. However, there are two problems
in using PBNs in practice. First, it is clear that the
method of COD is commonly used to estimate the
probabilities of each predictor c

(d)
g for transcript d.

Unfortunately, owing to limited time points of the
expression level of each gene (there are only 17 time
points for the yeast data set), it is almost impossible
to find a value of c

(d)
g which is strictly greater than

that of the best estimation in the absence of any con-
ditional variables. Therefore, most of the transcripts
do not have any predictor, which makes it impossi-
ble to estimate the PBN parameters. Moreover, PBN
seems to be unable to model a set of genes when n

is quite large. Friedman et al.12 suggested Bayesian
networks could infer a genetic network successfully,
but it is unable to infer a genetic network with
cell cycle relationship. Ott et al.23 also suggested
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that even if in an acyclic genetic network with con-
straints situation, the number of genes in Bayesian
networks should not be greater than 40 if BNRC
(Bayesian Network and Nonparametric Regression
Criterion) score are used. Later, Kim et al.21 pro-
posed a dynamic Bayesian network which can con-
struct of cyclic regulations for medium time-series,
but it seems to be not practical to handle a large net-
works. Here, we use the multivariate Markov model
for training the yeast data set. The construction of
the multivariate Markov chain models for such date
set only requires around 0.1 second. This showed that
our proposed method is very efficient. In our study,
we assume that there is no any prior knowledge about
the genes. Therefore, in the construction of the multi-
variate Markov chain models, each target gene can be

Table 7. Result of our multivariate Markov model.

No. Name of Cell Length Related
target cycle of cell transcripts

transcript phase cycle (its phase λij ,
level of influence)

(1) YDL101c late G1 1 YMR031c
(1,1.00,1.00)

(2) YKL127W S 1 YML027w
(2,1.00,0.75)

(3) YKL113c late G1 2 YDL018c
(2,0.50,0.50)
YOR315w

(5,0.50,0.50)

(4) YPL127c late G1 2 YDL101c
(2,0.33,0.38)
YML027w

(2,0.33,0.39)
YJL079c

(5,0.33,0.38)

(5) YLR121c late G1 3 YPL158c
(1,0.33,0.42)
YDL101c

(2,0.33,0.43)
YKL069w

(4,0.33,0.43)

(6) YKL069W G2 3 YLR274w
(1,0.50,0.50)
YER001w

(3,0.50,0.50)

(7) YLR015w early G1 4 YKL113c
(2,1.00,0.88)

(8) YGR279c M 4 YPL158c
(1,1.00,0.80)

Table 8. Prediction results.

Length of Number of Average Example
cell cycle occurrence prediction in
phases in this type accuracy Table 7

required of cell cycle

1 5% 86% (1),(2)
2 9% 87% (3),(4)
3 9% 83% (5),(6)
4 70% 86% (7),(8)

related to other genes. Based on the values of λij

in our model, we can determine the occurrence of
cell cycle in jth transcript, i.e., presence of an inter-
relationship of any jth transcript in a set of tran-
scripts. Using the multivariate Markov chain models,
we find that 93% of transcripts are possibly involved
in some cell cycles. Some of the results are shown in
Table 7.

In Table 7, the first column indicates the ID
number of data set we display. The second column
shows the name of target transcript. The third col-
umn shows which phase the target gene belongs to.
The fourth column shows the most possible cell cycle
length of the target transcript. The last column dis-
plays the name of required transcripts for predict-
ing the target transcript, the corresponding phase
of required transcripts, their corresponding weight-
ings λij in the model, as well as an estimated value
of the level of influence from related transcript to
the target transcript. Although the level of influence
can be estimated based on our model parameters,
its computational cost in the PBN method increases
exponentially with respect to the value of n. We find
in Table 7 that the weighting λij provides a reason-
able measure for the level of influence. Therefore the
proposed method can estimate the level of influence
very efficiently. We present the prediction results of
different lengths of cell cycle for the whole data set
in the following table and the results show that the
performance of the model is effective.

The average value of r for the 271 gene expression
sequences is given by 85%.

7. Concluding Remarks

In this paper, we proposed a multivariate Markov
model for aPBN.Efficientestimationmethodsarepre-
sented to obtain the model parameters. Methods for
recovering the structure and rules of a PBN are also
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illustrated in detail. Numerical experiments on both
synthetic data and gene expression data of yeast are
given to demonstrate the effectiveness of our proposed
model. Our proposed model gives satisfactory results
especially in the presence of cell cycle data. The model
can be easily extended to the case where gene expres-
sion data have more than two levels. In this case, we
still have Theorems 1 and 2. Moreover the estimation
and prediction methods can still be applied. Another
direction for further research is to consider a higher-
order multivariate model, and to develop estimation
and prediction methods for the model.

In bioinformatics, it is often the case that
the bioinformaticians possess some background
knowledge on the gene expression data set that can
be useful in modeling genetic networks. Background
knowledge in the form of functional pathways over
some of genes can be incorporated as supervision
to the construction of multivariate Markov chain
model. Let S(jk) denote the prior transition prob-
ability matrix for the estimation of P (jk) in Sec. 5.
Then, the estimate P

(jk)
e of P (jk) is given by:

P (jk)
e = wjkS(jk)+(1−wjk)P̂ (jk), j, k = 1, 2, . . . , n,

where 0 ≤ wjk ≤ 1, for each j, k = 1, 2, . . . , n. For
the estimation of the P̂e-matrix, we also need to esti-
mate the parameters λjk. From Theorem 1, we have
that


λ11P
(11)
e λ12P

(12)
e · · · λ1nP

(1n)
e

λ21P
(21)
e λ22P

(22)
e · · · λ2nP

(2n)
e

...
...

...
...

λn1P
(n1)
e λn2P

(n2)
e · · · λnnP

(nn)
e


 V̂ ≈ V̂,

where the approximation sign “≈” means that the
probability vector on the left hand side is approx-
imated by the vector in the right hand side in
the component-wise sense. Let λ̃1

jk = λjkwjk and
λ̃2

jk = λjk(1 − wjk). Then, it is easy to check that
λ̃1

jk + λ̃2
jk = λjk , for each j, k = 1, 2, . . . , n. We notice

that the estimation of λjk and wjk is equivalent to
the estimation of λ̃1

jk and λ̃2
jk. Then, the above can

be written in the following form:
0
BBBBBBBB@

λ̃1
11S(11) + λ̃2

11P̂ (11) · · · λ̃1
1nS(1n) + λ̃2

1nP̂ (1n)

λ̃1
21S(21) + λ̃2

21P̂ (21) · · · λ̃1
2nS(2n) + λ̃2

2nP̂ (2n)

...
...

...

λ̃1
n1S(n1) + λ̃2

n1P̂ (n1) · · · λ̃1
nnS(nn) + λ̃2

nnP̂ (nn)

1
CCCCCCCCA

V̂

≈ V̂

The estimation problem can be formulated similar to
that in Sec. 5. Our future research work is to demon-
strate the usefulness of the semi-supervised approach
in modeling genetic networks.
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