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Abstract. Building genetic regulatory networks from time series data of
gene expression patterns is an important topic in bioinformatics. Proba-
bilistic Boolean networks (PBNs) have been developed as a model of gene
regulatory networks. PBNs are able to cope with uncertainty, corporate
rule-based dependencies between genes and uncover the relative sensi-
tivity of genes in their interactions with other genes. However, PBNs are
unlikely used in practice because of huge number of possible predictors
and their computed probabilities. In this paper, we propose a multivari-
ate Markov chain model to govern the dynamics of a genetic network
for gene expression patterns. The model preserves the strength of PBNs
and reduce the complexity of the networks. Parameters of the model are
quadratic with respect to the number of genes. We also develop an ef-
ficient estimation method for the model parameters. Simulation results
on yeast data are given to illustrate the effectiveness of the model.

1 Introduction

An important focus of genomic research concerns understanding the mechanism
in which cells execute and control the huge number of operations for normal
functions, and also the way in which the cellular systems fail in disease. One of the
possible reasons is the cell cycle. Cells in the body alternately divide in mitosis
and interphase, and this sequence of activities exhibited by cells is called the cell
cycle. Since all eukaryotic cells have important physical changes during the cell
cycle, if we have better understanding of when and where the cell cycle occur,
a higher prediction accuracy for cell activities can be obtained. Models based
on methods such as neural network, non-linear ordinary differential equations,
Petri nets have been proposed for such problem, see for instance Smolden et. al
(2000), DeJong (2002) and Bower (2001).

Boolean network is commonly used for modeling genetic regulatory system
because it can help discovering underlying gene regulatory mechanisms. The
Boolean network is a deterministic network and it was first introduced by Kauff-
man (1969). In this network, each gene is regarded as a vertex of the network
and is quantized into two levels only (over-express (1) or under-express (0)).
However, the deterministic assumption is not practical in both biological and
empirical aspect. In the biological aspect, an inherent determinism assumes an
environment without uncertainty. In the empirical aspect, sample noise and rela-
tively small amount of samples may cause incorrect results in logical rules. Later,
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Shmulevich et al. (2002) proposed Probabilistic Boolean Networks (PBNs) that
can share the appealing rule-based properties of Boolean networks and it is ro-
bust in the face of uncertainty. The dynamics of their PBNs can be studied in
the context of standard Markov chain. However, the number of parameters in a
PBN grows exponentially with respect to the number of genes n, and therefore
heuristic methods are needed for model training, see for instance Akutsu et al.
(2000).

The main contribution of this paper is to propose a multivariate Markov chain
model (a stochastic model) which can capture both the intra- and inter-transition
probabilities among the gene expression sequences. Moreover, the number of
parameters in the model is only O(n?). We develop efficient model parameters
estimation methods based on linear programming. We also propose a method
for recovering the structure and rules for a given Boolean network.

The rest of the paper is organized as follows. In Section 2, we give a review
on PBNs. In Section 3, we propose the multivariate Markov chain model. We
then present estimation methods for model parameters. An example is given to
illustrate the actual parameters estimation procedure in Section 4. In Section
5, we apply the proposed model and method to gene expression data of yeast,
and illustrate the effectiveness of the new model. Finally, concluding remarks
are given to address further research issues in Section 6.

2 Probabilistic Boolean Networks

In Shmulevich et al. (2000), PBNs are proposed and the model can be written
as follows: _
F; = {f;l)}jzl,...,l(i)> 1<i<n

where n is the number of genes, the predictor f](i) is a possible function deter-
mining the expression level (0 or 1) of the i-th gene, and I(z) is the number of
possible functions for the i-th gene. Let cg.i) be the probability that the jth pre-
dictor f;i) is chosen to predict the i-th gene. This probability can be estimated
by using the Coefficient of Determination (COD), see Dougherty et al. (2000).

For any given time point, the expression level of the i-th gene is determined
by one of the possible predictors f;i) for 1 < j < I(i). The probability of a
transition from v(t) to v(¢ + 1) can be obtained as:

n | U3)

T2 {1y =+ 1)

where v(t) = (v1(¢),...,vn(t)) and v;(t) = 0 or 1. The degree of influence of the
j-th gene to the i-th gene can be estimated by:
) _
lj(?}i) = Z PI‘Ob{flgi)(Ul, ceeyUj—1, 0, Vit1y--- ,’Un) 75
k=1

flgi)(’l)l,...71)j_1,1,1)j+1,...71)n)} X Cg),
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see Shmulevich et al. (2000). We remark that for each set of f(?) = {fj(l)} with
1 < i < n, the maximum number of predictors is equal to 22" as 1 < I(i) < 22", it
is also true for its corresponding set of prediction probabilities {cg)}. It is almost
not practical for using this model due to its complexity and the imprecision of
parameters based on limited sample size.

3 The Multivariate Markov Chain Model

In this paper, the gene sequence in PBNs {v(1),...,v(T)} is logically represented
as a sequence of vectors Vi,..., Vp, where T is the length of the sequence, and
V; = Ept1 (Eg41 is the unit column vector with the (k + 1)-th entry being
one) if v(j) = k (i.e., it is in the expression level k, k = 0 or 1). A first-order
discrete-time Markov chain satisfies the following relationship:

Prob (Vig1 = Ey+1) | Vo = By, -+, Vi = Eyp))
= Prob (Vi11 = Eyq) | Vi = Eyy)-

These probabilities are assumed to be independent of ¢ and can be written as
pij = Prob (Vg1 = Eip1 | Vi = Ejya), Vi,j €{0,1}

The matrix P, formed by placing p;; in row ¢ and column j is called the transition
probability matrix.

In our proposed multivariate Markov chain model with a network of n genes,
we assume the following relationship among the genes:

VO =S APV =12, n (1)
k=1

where A\j; > 0 for 1 < 5,k < n and 22:1 Ajr = 1, and Vgl) is the expression
level probability distribution of the i-th gene at the time ¢. The expression level
probability distribution of the j-th gene at the time t41 depends on the weighted
average of P(jk)V,Ek). Here PU) is a transition probability matrix from the
expression level of the k-th gene to the expression level of the j-th gene. In
matrix form, we write

V:Sr)l A POD A PO Ly, PR Vgl)
Vgr)l Ao PCD N\go P22) ... ), P(27) v®

Vt+1 = . = . : . . = QVt
Vgi)l At P N\ o P(02) ooy pnn) Vgn)

Although each column sum of @ is not equal to one , we still have the
following two propositions, Ching et al. (2002).

Proposition 1. If\;; > 0 for 1 < j,k < n, then the matriz QQ has an eigenvalue
equal to 1 and the eigenvalues of QQ have modulus less than or equal to 1.
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Proposition 2. Suppose that PU*) (1<j,k< n) are irreducible and X\ > 0
for 1 < j,k < n. Then there is a vector V = [V(l) V@ .. VOIT such that
=QV and Y [VW); =1, 1<j<n.

4 Model Parameters Estimation

In this section, we propose numerical methods to estimate PU*) and Aji. For the
j-th and the k-th genes, we estimate the transition probability matrix PU*) by
the following method by counting the transition frequency from the expression
level 45, of the k-th gene at time ¢ to the expression level ¢; of the j-th gene at
time ¢+ 1. After the usual normalization, we obtain an estimate of the transition
probability matrix PUY_ In the model, we require to estimate n? of 2-by-2
transition probability matrices in the multivariate Markov chain model. After
all PUR) are estimated, we can estimate the parameters \;x based on PUF).,

The stationary vector V can be estimated from the sequences of gene ex-
pression levels by computing the proportion of the occurrence of each expression
level of the gene. Let us denote it by vV = (V<1>,V<2>, . ,V(”))T. In view of
Proposition 2, we therefore expect QV ~ V. From this approximation, it sug-
gests one possible way to estimate the parameters A = {\;;} as follows. For each
7, we solve the following optimization problem:

lz A PRI _ vm]

min max
P
k=1

subject to 7 ; Ajx = 1 and A\jp > 0 for 1 < j,k < n. Here [|; denotes
the ith entry of the vector. This minimization problem can be formulated as a
linear programming problem for each j, Ching et al. (2002). Since there are n
independent linear programming (LP) problems of each being n constraints and
n variables, the expected total computational complexity of solving such LPs is
of O(n*), see for instance Fang and Puthenpura (1993).

4.1 An Example

Consider the following two binary sequences:
s1 =1{0,0,1,0,0,0,0,0,1,1,0,0} and s ={1,1,0,0,1,0,0,0,0,1,0,1}.

We obtain the transition frequency matrix and probability matrix:

52
F@) = <?) ?) and PG = (g i) (after normalization)

Similarly, the others can be computed and are given as follows:

pul):(%%) puz):(%%) and P<22)=(%%),
13 71 T
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Moreover, we get V| = (2,77 and Vo = (5, 2)7. After solving the LPs, the

multivariate Markov chain model of the two binary sequences are given by
v = 05P00V 1 05P02 V) o)
Vi = 1.0PEOVE 1 0.0PEIVE

Based on the above models, we can estimate the probability cg.i)

f;i) and the degree of influence of the j-th gene to the i-th gene. Let X9 be

i1, in
the conditional probability vector of the dth gene when the previous expression

level of the genes are i1, 2, ..., i, respectively. From (2), we obtain

of the predictor

41 15 31 29 13 17 7
X = (=, =T, x$ = TooxN =, D)7 ) = (= )T
0,0 (56’56) » i =) Ko (42’42) B (24’24)

and

for the above two sequences. For example,

2
. ) ) . 2 1
XA = "2 PN E;, =1.0x PEVE;, +0.0 x PP E;, = PCY(0,1)T = (33"
k=1
0)

With these probabilities, we obtain the probabilities ¢;” as in the following table:

@) (D) (M) (@O 21 (O) (O (O O p(A) A) (O (1) £(I) (1) (1)
Si fa fs fa 5 Je 7 Jg Jo 10 Jix Jiz Jis Jia Jis Jie

V1 V2

oo0fo o o o0 o0 o0 o0 o0 1 1 1 1 1 1 1 1
o11y4/o0 o o0 o0 1 1 1 1 O O O O 1 1 1 1
1 0)l 0 O 1 1 0 0 1 1 0 O 1 1 0 0 1 1
1 1) 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1
cg-l) 0.27 0.11 0.12 0.05 0.08 0.04 0.04 0.02 0.1 0.04 0.04 0.02 0.03 0.01 0.02 0.01

For instance,
1 1 1 1 1
e = (XG0l x [X6]2 x [X1igh x [X] 7]z ~ 0.04.

Since g5 = 0, the set of predictors for the second sequence can be reduced and
their corresponding probabilities are given in the following table:

v ol 7 57 57 1Y
0 Jlo o0 1 1
1o 1 0 1

¢ Jl0.42 0.2 0.25 0.13

From the above two tables, the best predictors are fl(l) and f1(2) for the first and
the second sequences respectively. We can also obtain the degree of influence of
the ith sequence to the jth sequence (7,7 = 1,2) as follows:

ll (’Ul) = 0.4, ll(’l)g) = 0.45, 12(7)1) = 0.4, 12(7)2) =0.
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For instance,

(1)
h(v) =Y Prob{fi(0,v2) # £V (1,v2)} - e
k=1
1 1 1
=0(0.27) + 5(0.11) + 5(0.12) +0.05+ 5 =04

According to the calculated values I;(v;), we know that the first sequence some-
how determine the second sequence. However, this phenomena is already illus-
trated by the fact that Ags = 0(Ag; = 1) in the multivariate Markov chain
model.

4.2 Fitness of the Model

We note that the multivariate Markov chain model presented here is a stochastic

model. Given all the state vectors ng) with kK = 1,...,n, the state probability

distribution Viff_)l can be estimated by using (1). According to this state proba-
bility distribution, one of the prediction methods for the j-th sequence at time
t+ 1 can be taken as the state with the maximum probability, i.e., V(t +1)=y
if [V(t+1)]; < [V(t+1)]; for all 1 < i < 2. By making use of this procedure, our
multivariate Markov chain model can be used to uncover the rules (build a true
table) for a PBNs. To evaluate the performance and effectiveness, the prediction

accuracy of all individual sequences r

n T
1 i i 1, lf\A/'Zt :Vit
r:ﬁx§ 67 x 100%, where 55)_{ (8) = vi(t)

0, otherwise.
i=1 t=1

5 Gene Expression Data of Yeast

Genome transcriptional analysis is an important analysis in medicine and bioin-
formatics. One of the applications of genome transcriptional analysis is used
for eukaryotic cell cycle in yeast. If we have better understanding of when and
where the cell cycle occurs, a higher prediction accuracy for cell activity can
be obtained. Several biological changes associated with the cell cycle activities,
discovering this process gives important information for internal standard com-
parison of gene activity over time. Hartwell and Kastan (1994) showed that
without appropriate cell cycle regulation leads to genomic instability, especially
in etiology of both hereditary and spontaneous cancers, instances in Wang et
al. (1994); Hall and Peters (1996). Raymond et al. (1998) examined the present
of cell cycle-dependent periodicity in 6220 transcripts and found that cell cycle
appears in about 7% of transcripts. Those transcripts are then extracted for
further investigation. When the time course was divided into early G1, late G1,
S, G2 and M phase based on the size of the bugs and the cellular position of
the nucleus, the result showed that more than 24% of transcripts are directly
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adjacent to other transcripts in the same cell cycle phase. The data set used in
our study is the selected set from Yeung and Ruzzo (2001). In the discretization,
if an expression level is above (below) a certain standard deviation from the
average expression of the gene, it is over-expressed (under-expressed) and the
corresponding state is 1 (0).

There are two problems of using PBN for such data set. The first is that the
number of genes is too large and the PBN complexity is too high. The second is
that the length of transcript (17 samples) is too short and therefore almost all
values of 057) are equal to 0 by using the method of COD.

The construction of the multivariate Markov chain models for such date set
only requires about 0.1 second with CPU=AMD 1800+ and RAM=512Mb. This
demonstrate the proposed method is quite efficient. In our study, we assume that
there is not any prior knowledge about the genes. Therefore, in the construction
of the multivariate Markov chain models, we consider each target gene can be
related to other genes. Based on the values of A;; in our model, we can determine
the occurrence of cell cycle in transcript j, i.e., the presence of inter-relationship
between transcript j and the other transcripts in different phases. And we find
that such cell cycle appears in 93% of the target genes in the multivariate Markov
chain models. Some of the results are illustrated in the following table:

Name of Cell cycle|Length of|Related transcripts (its phase,
target transcript| phase |cell cycle|A;;, level of influence)

YDL101c late G1 1 YMRO31c(early G1,1.00,1.00)

YPL127¢c late G1 2 YDL101c (late G1,0.33,0.38)
YMLO027w (late G1,0.33,0.39)
YJLO79¢ (M,0.33,0.38)
YLR121c late G1 3 YPL158¢ (early G1,0.33,0.42)
YDL101c (late G1,0.33,0.43)
YKLO69W (G2,0.33,0.43)
YLRO15w early G1 4 YKL113c¢ (late G1,1.00,0.88)

In the above table, the last column displays the name of required transcripts
for predicting the target transcript, the corresponding phase of required tran-
scripts, their corresponding weightings A;; in the model, as well as an estimated
value of the level of influence from related transcript to the target transcript.
Although the level of influence can be estimated based on our model parameters,
the computational cost increases exponentially respect to the value of n. We find
in the table that the weighting );; provides a reasonable measure for the level
of influence. Finally, we present the prediction result of different lengths of cell
cycle for the whole data set in the following table and the results show that the
performance of the model is quite good.

Length of cell cycle|No. of occurrence in this|Average prediction
phases required |type of cell cycle (in %) | accuracy (in %)

1 5 86
2 9 87
3 9 83
4 70 86
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Concluding Remarks

In this paper, we proposed a multivariate Markov chain model. Efficient param-
eters estimation methods are presented. Experimental results on gene expression
data of yeast are given to demonstrate the effectiveness of our proposed model.
The model can be easily extended to the case when the gene expression data
has more than two levels. The estimation method and prediction method can
still be applied. Another direction for further research is to consider higher-order
multivariate models, and develop estimation method for the model parameters
and prediction method.
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