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Abstract

This paper presents an approach for controlling gene networks based on a Markov chain model, where the state of a gene network
is represented as a probability distribution, while state transitions are considered to be probabilistic. An algorithm is proposed to
determine a sequence of control actions that drives (without state feedback) the state of a given network to within a desired state set
with a prescribed minimum or maximum probability. A heuristic is proposed and shown to improve the efficiency of the algorithm

for a class of genetic networks.
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1. Introduction

In a biological cell, genes may be expressed con-
stantly (i.e., constitutive gene expression), or expressed
based on molecular signals (i.e., regulated gene expres-
sion). The central dogma of molecular biology states that
gene expression consists of two main processes, namely,
transcription and translation, for prokaryotes, and with
the additional step of RNA splicing for eukaryotes. Dur-
ing transcription, information in the relevant gene is tran-
scribed from DNA to messenger RNA (i.e., mRNA),
while during translation, the sequence of nucleotides in
the mRNA is used in the synthesis of a protein.

Biological systems are complex and contain interact-
ing sub-systems that perform various functions (Nelson
and Cox, 2000). For instance, intricate forms of feed-
back exist in such systems. Proteins that are produced
within a cell may interact among themselves and in-
fluence gene transcription, allowing protein production
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on demand. An example of this is the SOS response of
damage to DNA, where genes responsible for repair are
down-regulated during normal operation by the molec-
ular products of cellular functions. Another example is
switching, which acts to prevent the superposition of the
effect from different molecular signals when it is not
useful, as in the case of the metabolism of galactose in
yeast (where yeast cells preferentially metabolize glu-
cose). In the presence of glucose, regardless of whether
galactose is present or not, the genes for the metabolism
of galactose are repressed.

A fundamental problem in the study of biological cel-
lular behavior is to understand how biological activities
are governed by the connectivity of genes and proteins.
Such connectivity can be represented in the form of ge-
netic regulatory networks (or simply, gene networks). A
gene network consists of a group of genes that interact
among themselves in order to synthesize certain prod-
ucts, i.e., proteins. The types and amount of proteins
produced by a gene network have a fundamental effect
on the development of the gene network itself, and on the
biological systems with which the network interacts. The
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ability to control the behavior of gene networks would
have great impact on the fields of biomedicine and bio-
engineering (e.g., development of new drugs and med-
ical treatment techniques). Evidence suggests that such
control is possible. An example is the behavior of the A
phage (Ptashne, 2004), a simple virus that chooses one
or another mode of growth depending on extra-cellular
signals. A A phage can infect an E. coli cell, and would
normally lie dormant within the host. When irradiated
with a moderate dose of ultraviolet light, the A phage
multiplies rapidly and causes its host cell to burst. The
liberated phages may infect and destroy other bacterial
cells.

Understanding the behavior of gene networks is es-
sential for developing methods for controlling such net-
works. Assisted by modern lab-automation technologies
(such as microarrays), rapid progress has been made on
gaining understanding of how gene networks function
in natural biological environment (e.g., Davidson et al.,
2002). Recently, researchers have also begun to exploit
such understanding by designing and constructing syn-
thetic gene networks (Hasty et al., 2002; McAdams and
Shapiro, 1995; McAdams and Arkin, 2000). These net-
works are engineered to operate in prescribed ways so as
to influence the behavior of biological systems that the
networks interact with. The aim of this line of research
is to develop synthetic gene networks that operate in a
natural biological system in order to control the behavior
of that system. For example, a synthetic oncolytic aden-
ovirus has been engineered to detect and selectively kill
tumor cells (Ramachandra et al., 2001).

A systematic approach to engineering of synthetic
gene networks requires formal models for represent-
ing, and methods for controlling, the behavior of the
target gene network. Formal models provide a mecha-
nism for designers to analyze the behavior of gene net-
works (even before such networks are actually built) in
order to determine whether the networks can achieve
the desired outcome, while control methods are essen-
tial to ensure that the network will behave as desired.
We note that the types of gene network models we dis-
cuss in this paper only concern the transcription pro-
cess, and can be described as “phenomenological” as
they do not explicitly deal with the actual and exact
biological activities involved in gene expression. They
are logical abstractions used to describe observed phe-
nomena, where the presence and absence of actual pro-
teins are represented as logical variables. The gener-
ation of such models from experimental data enables
simulation of cellular dynamics, and serves as a start-
ing point for investigating the control of biological
processes.

Various approaches have been proposed in the lit-
erature for constructing dynamics models of gene net-
works qualitatively and quantitatively (Smolen et al.,
2000). Quantitative approaches usually employ differ-
ential equations to model the dynamics of a gene net-
work in order to examine the time-course of its evolu-
tion (e.g., Goodwin, 1965; Plahte et al., 1998; Smith,
1987). Such approaches often rely on computationally
intensive numerical simulation to provide a detailed de-
scription of the behavior of the network. Qualitative ap-
proaches, on the other hand, characterize the state of
a gene network in terms of discrete logical variables
(e.g., Glass and Kauffman, 1973; Thomas et al., 1995;
Thomas and Kaufman, 2001; Chen, 2004). Specifically,
a gene is considered either on or off, and a product either
present or absent. Interactions among the genes in the
network are modelled by logical rules. Such approaches
have yielded results that appear to confirm those obtained
from quantitative approaches, and have been applied in
the study of various actual biological processes, such
as immunity control in bacteriophage lambda (Thieffry
and Thomas, 1995), activation and anergy of T cells
(Kaufman et al., 1999), and flower morphogenesis in
Arabidopsis thaliana (Mendoza et al., 1999). There are
also attempts to develop approaches that use both dis-
crete and continuous variables in the modelling of bio-
logical systems (e.g., Duan et al., 2000; Edwards et al.,
2001). In such approaches, the dynamics of a system is
considered to consist of a mixture of continuous activi-
ties and discrete events (McAdams and Shapiro, 1995).

All these approaches are in general deterministic.
Thatis, they implicitly assume that a gene network can be
observed to be in a particular state with certainty. Such
deterministic approaches may lead to elegant abstract
models that yield “high-level” insight on the functions
of gene networks, but they may not reflect the actual dy-
namics of the biological gene network accurately. In fact,
it has been observed that transitions between states in a
gene network take place stochastically (Thattai, 2001;
Elowitz et al., 2002; Ozbudak et al., 2002). It has also
been suggested that monitoring stochastic signals and
responses in real time may be an effective means of ex-
posing the true cell dynamics behind the population aver-
ages (Paulsson, 2004). Such results support the view that
in principle the dynamics of gene networks are stochas-
tic and their states are difficult to observe in real time,
and highlight the need to develop probabilistic models
of gene networks and stochastic methods for the control
of such networks.

Probabilistic models of gene networks are emerging
to complement the deterministic models. A major proba-
bilistic model is probabilistic Boolean networks (PBNs)
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(Shmulevich et al., 2002a,b,c) which can be considered
as a special class of Markov chains (Meyn and Tweedie,
1993). PBNs are essentially probabilistic generalizations
of Boolean networks, originally introduced in Kauffman
(1969). In a PBN, state transitions are based on a finite
number of Boolean functions, each with a given proba-
bility.

Markov chains have also been used as a generic
framework for modelling gene networks. A finite state
homogeneous Markov chain model has been constructed
from microarray data (Kim et al., 2002), where it was
found that the constructed model produced state distri-
butions approximating biological observations and ex-
hibited many properties associated with biological sys-
tems. This suggests that Markov chain models incorpo-
rating rule-based transitions between states are capable
of mimicking biological phenomena. Such models have
been shown to be useful in developing strategies for con-
trolling (externally) the behavior of gene networks. In the
investigation reported in Datta et al. (2003, 2004), gene
networks are cast as controlled Markov chains, where
transitions are governed by a stochastic matrix which is
a function of the control input to the system. The prob-
lem is to control the gene network to reach a certain state
within a finite time horizon, under the assumption that the
state of the network after the application of each control
action is completely or partially observable. Dynamic
programming (Bellman and Dreyfus, 1962) is used to
derive the optimal stationary policy, which gives (for
each time step and state) the control action that leads to
the best expected outcome with minimum cost over the
rest of the control horizon.

Timely observation on the result of each transition in a
given gene network may prove to be difficult in practice.
This difficulty poses the problem of controlling a given
gene network without state feedback. In this paper, an
approach for dealing with this problem is presented. An
algorithm is proposed to determine a sequence of control
actions that drives (without state feedback) the state of
a given network to within a desired state set with a pre-
scribed minimum or maximum probability. A heuristic
is proposed and shown to improve the efficiency of the
proposed algorithm for a class of gene networks.

This paper is organized as follows. Section 2 presents
mathematical and computational preliminaries. Section
3 formulates the problem. Section 4 presents a solu-
tion to the problem. Section 5 proposes a heuristic
that improves the efficiency of the solution presented
in Section 4. Section 6 presents examples for illustrat-
ing the effectiveness of the proposed approach. Section
7 discusses implications and possible extension of this
work.

2. Preliminaries

A Markov chain model can be described by the four-
tuple (S, U, p, c), where S is a (finite) set of states, U is
a (finite) set of actions, p : S x U — [0, 1] is the state
transition probability function, i.e., pf‘j =P@stk+1)=
jlstk) =i,u € U) for all i, j € S and u € U, where s(k)
denotes the state of the system at (discrete) time instant
k,and ¢ : S x Y — R (where R denotes the set of all
real numbers) is the cost function. An action u € U/ taken
at state s(k) is assumed to incur a certain fixed non-zero
cost, denoted by c(s(k), u). We note that all information
in a time invariant/homogeneous Markov chain with n
states can be encoded in a n x n stochastic matrix that
tabulates the n transition probabilities for each of the n
states. Hence, our approach presented below addresses
time invariant/homogeneous Markov chains cast in the
above form.

For a vector v, let v; represent the ith element. For a
matrix m, let m; j represent the element at the ith row and
Jjth column. For a finite set X, let | X| denote the number
of elements in X. Assuming that the N = |S| possible
states of the system have been already enumerated, the
state of the system s(k) at time k can be represented as a
state distribution x;(k), where x;(k) = P(s(k) = i) with
i € S. The components of x(f) € R" are each mutually
exclusive random variables and may be represented as
the components of a (row) vector. The evolution of the
state distribution can be expressed as

N
xjk+ 1) =Y xi(k) pl. (1
i=1
Implicitin Eq. (1) is that pl”j, foreachu € U, are the com-
ponents of a stochastic matrix p* (with row sums equal
1). We also refer to p* as the network representation.
The state distribution can be normalized such that

N
Zx,-(k) =1. ()

i=1

If the system is in a given state, it cannot be at the same
time in a different state. It follows that x is a partition of
S. Let D denote the set of all normalized state distribu-
tions. The transition probability distribution function is
restricted such that, for alli, j € Sand u € U:

N
> =1 3)
j=1

From any given state distribution, the probability of
the system transitioning into another possible state is
bounded above and below by the maximum and mini-
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mum components in the relevant columns of the stochas-
tic matrix p“. Specifically:

p"* = max x;(k + 1)|, = max p* 4
Pj x(k)eXDx]( + Dlu All)i(plj 4)
and

pY = min x;(k + 1)|, = min p“. 5
P x(k)erj( + Dl = min i )

The expected cost of taking an action u € I/ at time
k, denoted by C(k, u), may be defined as

N
Clk,u) = Z(xi(k)c(i» u)). (6)

i=1
We refer to an (action) sequence as a string con-
structed by concatenating symbols from U. For a se-
quence o, let |o| denote the length of o (i.e., the number
of symbols in o). Let 0; denote the ith symbol in the se-
quence o, and 4" the set of all possible sequences over /.
Let ¥ denote the empty set, and € denote the empty string
with the properties: (i) |¢| = Oand (i) eou =uoe=u
for any string u, where o denotes concatenation. Let /*
be the Kleene closure over U, i.e.,U* = e UUT. We refer
to €, as the null sequence, i.e., €, is any sequence in {€}*.
For a given sequence of actions o, let C, (o) denote the
total expected cost incurred after the execution of o. We
are interested in the time instants when the transitions
take place. Thus, we consider that €,, 01,02, ..., 0jg|

correspond to the time instants 0, ky, k2, . .., k|g|, Te-
spectively, and write

— ‘Ul -

Cyl0) = _ Clki, 07). )

i=1
Let x, be the state distribution reached after the execu-
tion of o starting from x(0). Then, X, = x(k|s|).

A data structure called a priority queue (denoted by
Q) is used in the subsequent development. In the context
of this paper, Q is a linear ordering on a finite set 7 with
terms in /*. Let | Q| denote the number of elements in
Q, and Q; the ith element of Q. Q is ordered such that

Co(0) = Cy(Qiyn), 1=i<|Ql ®)

Elements can be added or removed from Q. If |Q] > 0,
Q1 will be the next element to be removed (for process-
ing). When a sequence is added, Q is sorted according
to Eq. (8).

3. Problem formulation
Iterating Eq. (1) with a sequence formed from a given

set of actions yields two possible dynamics for the distri-
bution. The first is a contraction mapping with the distri-

bution approaching a stable one (i.e., a fixed point). The
second takes the system through what may be best de-
scribed as cycles, where there is some form of oscillation
in the probabilities of a number of states.

Given such a model of a gene network, a certain set of
states of the network may be considered to be of particu-
lar importance. These states may indicate certain proper-
ties of the gene network, such as a gene being expressed,
a protein reaching a certain concentration level, or an un-
desirable property exhibited by the gene network. Thus,
one may desire that the total probability of transition-
ing to a state in a particular set is at least a minimum
value p/, or at most a maximum value p’. Achieving this
requires controlling the behavior of the gene network
through application of certain control actions at specific
states of the network.

This control problem can be stated as follows. Given
an initial state s(0) € S with the distribution x(0) € D
and a set of target states S’ C S, find a sequence of ac-
tions o’ that results in the system reaching a target state
with a minimum probability (i.e., > ;g Xx; > p') or a
maximum probability (i.e., Y ;cg xi < p) while mini-
mizing the total expected cost C’q(a’ ), subject to a given
amount of finite resources.

This problem can be interpreted in more tangible
terms as follows. An instance of controlling the system
to reach a target state with a minimum probability would
be finding a sequence of actions such that the probabil-
ity of a given set of proteins all being produced is higher
than some minimum value p’. An instance of controlling
the system to reach a target state with a probability below
some maximum would be finding a sequence of actions
such that the probability of any one of a given set of genes
being off does not exceed some maximum value p’. The
values of p’ and p’ can be specifically set to express the
desire of achieving a particular outcome with certainty.
For instance, setting p’ = 1 indicates the desire to find
a sequence that guarantees that the target state set will
be reached. Conversely, setting p’ = 0 means to find a
sequence that guarantees that the target state set will be
avoided.

It is noted that in problems of practical interest, often
the initial state is determined exactly. Thus, the compo-
nent of the initial state distribution corresponding to the
initial state would be valued 1, and the others 0.

4. The cost-first approach

It is convenient to visualize the process of solving the
problem as searching a tree by expanding nodes (which
represent sequences of actions) in the order of increas-
ing cost. For instance, given a set of actions {e., 1, 2},
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the children of “e,” are “1” and “2”, and the children of
“121” are “12117and “1212”. This tree will be expanded
in order of cost, with sequences of lower total cost eval-
vated first. Assuming that all costs are positive, a child
node, or child sequence, will have a higher total cost than
its parent.

The solution process proceeds as follows. Beginning
from the initial state distribution, longer sequences are
built up upon existing sequences of actions, and their
resulting state distributions computed. This process ter-
minates when a non-zero-length list of sequences (of the
same cost) that meets the requirements of the problem
has been found, if a solution exists.

This solution process can be formalized into an algo-
rithm. For a given action sequence o, the state distribu-
tion at time k|| (i.e., the time when o}, is executed) is
xi(kj)) for i € S. A predicate @ defined on D is a func-
tion @ : D — {1, 0}. We define two such predicates &
and @ with respect to p’ and p’ as follows:

A Lif Y~ xitko) < B/
P(x) = ies ©)
0 otherwise,

) Lif > xitkio)) = P/
D(x,) = ieS (10)
0 otherwise.

In the sequel we simply use @ to indicate either & or &
depending on whether the problem concerns p’ or p'.

Let X be the set of sequences that meet the require-
ment as stated in Eqgs. (9) or (10), i.e., X = {o|®(Xs) =
1, 0 € U*}. The following algorithm finds a solution (if
it exists) to the problem.

Algorithm 1. Basic algorithm

—

Add ¢, to the (empty) Q

2. From Q1, obtain X, using Eq. (1)

3. fd(xy) =1

o Remove Q; if C4(Q;) > C,(Q)) for all i€
{2,....101

o Add Qito X

Otherwise

o Add all child sequences that do not exceed re-
source limitations to Q subject to Eq. (8)

Remove Q1

If |Q| # 0, goto 2

If | 2| # 0, return success; otherwise, report failure

End

Nowns

This algorithm is complete and optimal. If a solution
exists, it will be found (complete), and the first solution

found will be the least costly control sequence (optimal).
These properties can be deduced as the algorithm (in the
extreme case) evaluates every possible sequence con-
structed from a finite set of actions in order of increasing
cost, and stops once it finds a solution. If there is no
solution, it will terminate after exhausting the space of
sequences that do not cost more than the resources avail-
able.

Given the assumption of probabilistic transitions, this
algorithm in general cannot ensure that the system will
move through specific states. However, if an oscillation
(within a set of attractor states) is purely due to internal
system dynamics, and is triggered whenever the system
enters one of the attractor states, then it is possible to ap-
ply the proposed method to ensure that the system will
reach a particular attractor state with some maximum
probability. As a consequence, the system will then os-
cillate inside the set of attractor states.

The value of p’ and p’ also have practical implica-
tions for the proposed solution process. In general, the
higher the value for p’, or the lower the value for p/, the
longer the sequences required to solve the problem. It is
also usually the case that after going through a certain
sequence of actions, some state distributions are closer
to achieving the objective than others. Thus, it would
be advantageous to add to the algorithm some measure
of how close it is to the objective of bringing ) ;. g xi
above p’ or below p’ from a given state distribution, so
as to enable the algorithm to better prioritize its effort. A
suitable heuristic can serve this purpose to improve the
efficiency of the algorithm.

5. Incorporating a heuristic

A heuristic function A(x) : RN — R is an estimate
of the future cost of the best means of achieving the ob-
jective from the current state distribution. It is required
that 2(x) = 0 if @(x) = 1. A suitable 4(x) can improve
the performance of the solution process for typical cases.
A h(x) that never overestimates the cost of the best solu-
tion ensures the resulting solution is still complete and
optimal. Such a heuristic is admissible. In fact, cost-
first search coupled with an admissible heuristic is also
known as A* search (Russell and Norvig, 2002).

A good heuristic is monotonic. This means that along
any state trajectory (induced by a sequence o) start-
ing from the initial state distribution and ending at a
state distribution that meets the requirement, the value
of ((_Jq(cr) + h(x)) does not decrease. An intuitive rea-
son for a non-monotonic heuristic being less useful is
that, given prior information that the total cost of the
best sequence to achieve the objective from a state dis-
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tribution is at least some value, it is useless to learn in
subsequent child sequences that the total cost would be
at least a lower value than the one previously reported
for a parent.

5.1. A heuristic for similar networks

In this section we present a heuristic which is effective
for a class of gene networks characterized by its degree
of similarity. We define a measure of similarity (denoted
by L) in a gene network as a norm, i.e.:

N N
Lauy =Y 3" 1p% = pll. wu €U, 11

i=1 j=1

A larger L indicates that a given network has higher de-
gree of dissimilarity. Naturally L(u, u) = 0. It is also
clear that L L(u’, u) = L(u, u').

Let Uy (k) C U denote the set of actions that are avail-
able at time k. We define a heuristic matrix B(r) € RV*N
as
B;i(k) = max p¥ 12

lj( ) ueb{h(k)pl] ( )
for problems where the system is to reach the target state
set with a minimum probability, and as

Bjj(k) = uénuihnk Pij 13)

()
for problems where the system is to reach the target state
set with a maximum probability. The heuristic matrix
represents pseudo-actions considered to be as effective
as possible towards achieving the objective. The cost for
performing each of these actions is denoted by

ch(s(k), u) = Ieli{i/r(lk) c(s(k), u). (14)

The heuristic function 4(x) is defined as the cost of
taking the so-called “heuristic best actions” until the ob-
jective is achieved, i.e.:

-1 N
SO xlb)e, it + bh(x)
b=0 i=1 !
B—1 N
=) (Pb)c(stk), k + b)) (15)
b=0 i=1
where
x"(2) = x(k) [ [ Bt +b) (16)

b=1

and B = min(t) with the condition that <D(xh(1:)) =1.
x"(7) will not necessarily be a normalized distribution.

This is because in general B(¢) will not be a row stochas-
tic matrix, i.e., Eq. (3) is generally not satisfied. However,
<D(xh(r)) will be evaluated with the numerical values in
the components of x"(7) as if it was. It is noted that @ in
this case is defined on R" instead of D.

The heuristic function A(x) will never overestimate
the cost of achieving the objective. It will also be mono-
tonic, as every actual action costs more than the action
represented by the heuristic. If an action takes the system
further away from the objective, the cost reported will
increase. If an action brings the state distribution of the
system closer to the objective, the actual cost would be
at least that given by the cost of the heuristic action, and
the system will never be closer to a state distribution that
meets the requirement than what the heuristic expects.
The basic algorithm presented in Section 4 is modified
to include the heuristic.

Algorithm 2. Heuristic algorithm

. Add ¢, to the (empty) Q
. Set X, to be the state distribution corresponding to
01
3. Ifd(xy) =1
o Remove Q; if C4(Q;) > C,(Q)) for all i€
{2,....101
o Add Qito X
Otherwise, for each child sequence that does not ex-
ceed resource limitations
o Determine x,, using Eq. (1)
o Calculate h(x,)
o Addsequence to Q in increasing order of (C’q(o) +
h(xs))
. Remove Q; from Q
. If |Q| # 0, goto Step 2
. If | 2] # 0 return success; otherwise, report failure
End

DN =

~N o

This algorithm differs from the basic algorithm in
that all child sequences of a given sequence are evalu-
ated if the sequence has a lower value of (C ¢(0) + h(xs))
than other sequences. If this heuristic is not effective for
the network representations corresponding to the set of
available actions, it would not enhance the performance
of the basic algorithm. The heuristic requires an addi-
tional matrix-vector multiplications (the same as com-
puting the next state), until the distribution meets the
requirements or the upper bound on heuristic executions
imposed by cost stops the process. Noting that in real
biological systems for each given state, the system does
not transition to just any other state directly, but only to
a much smaller subset (with respect to the state space).
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Thus, what can be expected of real systems is a sparse
transition matrix with O(2") entries, allowing sparse
storage and resulting in matrix-vector multiplication tak-
ing O(2") operations.

This heuristic works well with networks that have a
higher degree of similarity. Given such networks, the
heuristic function is likely to be more helpful in differ-
entiating how close state distributions are from meeting
the objective. The heuristic matrix multiplied with a dis-
tribution gives a vector with components summing to a
value greater or smaller than unity. If the heuristic ma-
trix causes these components to grow (or shrink) too
fast, it will not be able to effectively differentiate be-
tween a given state and another as to how close they are
to a desired state. The lower the degree of similarity in
a network, the greater the growth (or shrinkage) of the
components, hence the less useful the heuristic.

A suitable measure is L = max L(u,u’) where
u,u’ € U. More pertinent to the choice of using the
heuristic, we can define Ly, = (—N) + Zfil Z?,:l Bij,
and set a criterion of incorporating the heuristic as L <
N2, where pu is a user-defined constant. Alternatively,
one may adopt a practical approach, noting (during the
solution process) whether the heuristic provides an ef-
fective bias in driving the network towards the desired
state set. For instance, one may set a maximum num-
ber of consecutive expansions where the heuristic gives
values of 7 such that the difference between the maxi-
mum and minimum of t is smaller than a user-defined
threshold.

As mentioned previously, a heuristic would be the
most helpful if it takes advantage of certain properties
of the problem being considered. As different classes of
networks have differing properties, there will be scenar-
ios in which a heuristic will, instead of improving perfor-
mance, become just an additional computational burden,
since no single heuristic is a panacea that is useful in all
problems.

5.2. Extension to partially observable systems

The algorithm discussed above assumes that the state
of the system after each control action cannot be timely
determined with certainty, and thus considered unob-
servable. However, this does not preclude this algorithm
from being extended for partially observable systems
where a given set of states are observable and the target
state set resides wholly or partially within the unobserv-
able state set.

Since the state of the system is represented as a proba-
bility distribution, conditional probability can be applied
to assign state probabilities to those state that are ob-

servable, as in the case of Datta et al. (2004). Given the
information from observation, the probabilities of states
that are inconsistent with the observation are set to 0, and
the probabilities of the remaining states may be then ob-
tained by normalizing the distribution. Moreover, if there
are specific states of interest (that occur with greater fre-
quency for instance), one may derive control sequences
for each such state. If the system transitions to such a
state, one need only to begin the appropriate control se-
quence corresponding to the current state. Naturally, no
further control action is required if an observable target
state is reached.

6. Examples
6.1. A simple example

We present an example using a hypothetical single-
gene network to illustrate the application of the proposed
algorithm. The gene, denoted by A, is induced by a cer-
tain biological signal. When A is expressed, a product P
is produced. There are three possible forms of external
control: (i) chemical signal absent, (ii) chemical signal
present in low concentration, and (iii) chemical signal
present in high concentration.

The networks, their representations as (row) stochas-
tic matrices and costs are given in Figs. 1-3, with values
chosen for the purpose of illustration. The states of A and
P corresponding to the numerical states in the figures are
as summarized in Table 1. The objective here is to ensure
that the total probability of A being expressed is at least
0.8, given an initial state distribution of x(0) = [1000].
Thus, the condition for achieving the desired outcome is
x3 + x4 > 0.8.

The solution process using the basic algorithm can
be represented as a tree (as shown in Fig. 4), with the
nodes identified with specific sequence of actions and
state distribution after executing the sequence. Evalu-
ation of state distributions resulted from executing the
sequences is done using Eq. (1). The nodes in the tree
are labeled in order of evaluation. Following the num-
bered steps shown in the figure, a solution is found in
Step 14, with the desired sequence being “23”. After
Step 14, all nodes with higher cost are not expanded,

Table 1

State of gene A and product P

State A P

1 Off Absent
2 Off Present
3 On Absent
4 On Present
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1 0 0 0
L0505 0 0
PP=1o6 0 04 0

0.2 04 03 0.1

Fig. 1. Chemical signal absent; cost=1.0.

0.2
0.5 0 05 0
, | 02 02 02 04
P"=103 0 03 04
0 03 0 07

Fig. 2. Chemical signal in low concentration; cost = 1.5.

thus the algorithm continues to Step 15 before terminat-
ing. Explicitly, the desired action sequence “23” means
that, starting from the initial state distribution x(0), the
optimal control to achieve x3 + x4 > 0.8 is to set the
concentration of the inducer to be low initially and then
increase it in the next step.

We next examine how a heuristic may affect the per-
formance of the solution process. Considering a heuristic
defined with respect to Eq. (11), we have L(1, 2) = 4.2,
L(1,3) =5.6,and L(2, 3) = 1.6, hence, L. = L(1,3) =
5.6and Ly, = 2.8. The elements of a heuristic matrix may

0.1
0.3 0 07 0
. |01 01 03 05
0.1 0 04 05
0 01 0 09

Fig. 3. Chemical signal in high concentration; cost = 2.0.

be defined according to Eq. (12) and its cost determined
by Eq. (14), e.g.:

1 0070
05050305
0.6 0 0405
0.20.4030.9

The tree diagram in Fig. 5 illustrates the use of the
algorithm with a heuristic on the single-gene problem.
The value of the heuristic function evaluated at each state
is given in brackets.

For comparison, the basic algorithm requires 13 eval-
uations to reach a solution (with the initial state as well as
state 15 excluded). With the heuristic, only 2 evaluations
are required, but this requires the work of 15 evaluations
as in the basic algorithm, since evaluating the heuristic
requires a variable number of matrix multiplications—
a single evaluation in the basic algorithm requires just
such multiplication.

When the additional computation associated with the
heuristic is taken into account, introduction of the heuris-
tic actually degrades the overall performance of the so-
lution process for this particular case. However, it should
be noted that this is a small problem (which we use here
mainly to illustrate the solution process), while heuris-
tics are usually designed to be used with large problems
where the additional overhead can be compensated by
fewer evaluations. (Incidentally, by choosing the order
in which operations are performed, that is, by evaluat-
ing all the states before computing the heuristic func-
tion for each of them, the number of matrix multiplica-
tions is reduced by (2 + 1 + 0) to 12, showing an actual
performance improvement for this particular problem.)
Furthermore, heuristics are chosen on the basis of spe-
cific problem under consideration, as there is no one best
heuristic independent of the problem at hand.

6.2. A computational example

The work of Kim et al. (2002) provides evidence that
even under model reduction, finite state Markov chains
are able to replicate the behavior of biological systems.
Their example in particular involved 587 genes using
data from a survey of melanoma. Through data analysis
and parameter estimation, the number of genes used to
predict subsequent states was reduced to 10, which, as
reported, are able to emulated the behavior of the ac-
tual gene network adequately. This represents an exam-
ple that there are grounds for pursuing the control of
Markovian models of biological systems with model re-
duction to increase tractability. In particular, our focus is
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Fig. 4. Evaluation tree.

on models with their parameters estimated from data. We
make no assumptions on the underlying structure of the
systems under study save the model whose parameters
are to be estimated.

The following computational example illustrates is-
sues related to practical implementation of the pro-
posed algorithm for a given gene network model. Con-
sider a gene network with eight genes, i.e., g; with
i=1,2,...,8, each may be either on or off, thus giv-
ing a total of 256 possible states. Starting from an ini-

tial state of s(0) =[0000000 1], the objective is to
find a sequence of actions (with the lowest cost) from
a set of actions U such that the probability that genes
g1 through gg are on is at least 0.8 (i.e., p’ = 0.8). This
amounts to 8 target states out of a total state space of
256. When the elements of the stochastic matrices that
each action represents were generated completely inde-
pendently and randomly, the expected probability of the
system transitioning to any one of the target states would
be 8/256 = 0.03125.

1

o

[1.00, 0.00,0.00,0.00]
cost: 0.0 + (2 x 1.0)

) lalﬂ
[1.00,0.00,0.00,0.00]
cost: 1.0+ (2 x 1.0)

2' (LQ”
[0.50,0.00,0.50,0.00]
cost: 1.5 + (1 x 1.0)

|

: ﬂ3”
[0.30,0.00,0.70, 0.00]
cost: 2.0+ (1 x 1.0)

l

@17
(0.80,0.00, 0.20, 0.00]
cost: 2.5 4 (2 x 1.0}

;92"
(0.40, 0.00,0.40, 0.20]

cost: 3.0 + (1 x 1.0)

— 23"
(0.20,0.00,0.55, 0.25]
cost: 3.5 + (0.0)

Fig. 5. Evaluation tree (with heuristic).
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In this example, eight possible actions were allowed
(i.e., |U| = 8). Their corresponding network represen-
tations were randomly generated as follows. Starting
with a network with states that transition deterministi-
cally back to themselves, add connections with weights
much higher than 1. These connections alone would be
recognizable in the graphical representation as (possibly
lengthy) cycles, stable states, attractors, and determinis-
tic transitions. Then all outgoing transitions from each
node would be normalized according to Eq. (2) such that
the resulting network can be represented by a stochastic
matrix.

The size of the priority queue could become an im-
portant factor in the implementation of the proposed al-
gorithm. If the optimal solution was too long, the priority
queue could overflow, and thus rendering the algorithm
ineffective. When using the basic algorithm, the first so-
lution found is the optimal solution. Unfortunately this
property makes the priority queue fill up much faster than
in the case of the heuristic algorithm. If memory were a
concern and one does not wish to use a heuristic, it may
be prudent to use the heuristic algorithm while setting the
output of the heuristic function to zero. However, this in-
troduces two issues: (i) the first solution found would not
always be optimal, and so (ii) additional evaluations of
sequences would be necessary. The first issue is often
not important as the optimal solution would be found
anyway, given enough memory. As for the second issue,
depending on the nature of the problem, either memory
for priority queue storage or the evaluation count may
take precedence.

Both versions of the algorithm were implemented and
run on a Pentium 4 PC with 512 MB of RAM and a CPU
speed of 2.0 GHz. Sequences of length 1 were rejected
and only runs that found solutions were recorded. The
performance of the algorithm was examined in the con-
text of two sets of solutions. The first set consisted of 215
runs, in which solutions were found by both algorithms.
The second set consisted of 8 runs, in which solutions
were found only through the heuristic algorithm after
the basic algorithm failed due to the problem of insuf-
ficient memory for the priority queue. From the first set
of solutions, a least-squares estimation of the number of
evaluations required when the heuristic was used (as a
fraction of the number of evaluations necessary without
a heuristic) gave a value of 0.32843 and a standard er-
ror of 0.00408. This implies a statistical expectation of a
computational saving of about 60% for problems similar
to this one, not considering the additional overhead due
to the use of the heuristic.

The longest optimal sequence (found after 275,613
evaluations) was of length 7. This is an indication of the

remarkable effectiveness of the heuristic, considering the
fact that there are a total of 2,396,745 sequences of length
7 and below. Hence, only a little over 13% of the possible
sequences was evaluated using the heuristic before the
optimal solution was found.

7. Concluding remarks

We have presented a solution to the problem of con-
trolling (without state feedback) a Markovian gene net-
work such that it reaches a target state set with a pre-
scribed maximum or minimum probability. We have de-
veloped a heuristic and shown that such a heuristic leads
to significant improvement on the efficiency of the pro-
posed solution for a class of gene networks. These re-
sults represent an incremental step towards development
of feasible methods for controlling gene networks.

In this study, the transition probabilities of the net-
works corresponding to actions taken are assumed to be
known. In practice, this is usually not the case. However,
for biological gene networks, much data are available
from gene microarrays and other forms of measurement,
and ready to be subject to data mining. Methods for the
inference of network models from microarray data have
been reported, such as using the method of coefficient
of determination to select the genes in the data that are
most likely to contribute to describing subsequent gene
expression (Shmulevich et al., 2002b; Datta et al., 2003).

It is noted that the general approach of constructing
probabilistic models of gene networks based on microar-
ray data typically focuses on certain subsystems of a
larger biological network, and thus how such subsystems
are eventually connected together to accurately represent
the dynamics of the larger network remains an important
issue that needs to be addressed in the model construc-
tion process.

A problem related to representing a system by a net-
work which enumerates all possible states is that of com-
plexity. With the addition of a property that may take
possible values, the size of the representation increases
by a factor of 7. Thus, a system with N properties, with
the ith property possessing m; possible values, would
have a total of Hf\; | ; states. Hence, a potentially prof-
itable route of advance would be to develop methods for
discovery of the (Boolean) functional dependencies that
govern state transitions using the large amounts of data
garnered from experimental studies. A breakthrough in
this area would, most certainly, render the approach of
enumerating states obsolete, and possibly pave the way
for real-time control of genetic networks. However, the
problem of computational steps being exponential in the
number of properties remains.
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In this work, we only consider minimization of one
measure of cost. This approach of minimizing a single
cost can bereadily extended to minimizing multiple costs
to derive a pareto-optimal front of sequences that repre-
sent possible alternatives to achieve a particular goal.
Naturally, suitable termination criteria would have to be
found as there is no single optimal solution.

Finally, from a practical implementation perspective,
the approach proposed in this paper can be further im-
proved by (intermittently) incorporating state feedback
whenever such information is available. The current ap-
proach assumes that the state of the system after each
control action cannot be timely determined with cer-
tainty, and thus considered unobservable. Consequently,
the proposed algorithm may need to evaluate the entire
space of sequences of control actions in order to deter-
mine the desired sequences. Obviously, such an approach
is computationally more intensive than those based on
dynamic programming (which require state feedback).
An efficient use of this approach would be to derive se-
quences of control actions that may be collectively ap-
plied as a single “composite” control action at certain
time instants where one is able to observe the state (into
which the system has transitioned) after the composite
control action was taken, at which point dynamic pro-
gramming can be effectively applied.
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