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Abstract

We consider the problem of constructing gene regulatory networks from expression data using the probabilistic-Boolean-
network paradigm. We propose to construct the networks according to the following stages. Firstly, we determine the
number of possible parent gene sets and the input sets of gene variables corresponding to each gene, and this is done by
using a novel clustering technique based on mutual information minimization. Simulated annealing is employed to solve
the optimization problem. After such initial gene clustering, we restrict our attention to the class of di9erent functions from
the possible parent gene sets to each target gene. Secondly, each function is then modeled by a perceptron consisting of a
linear term and a nonlinear term. A reversible-jump Markov-chain-Monte-Carlo (MCMC) technique is used to calculate the
model order and the parameters. Finally, the coe:cient of determination (CoD) is employed to compute the probability of
selecting di9erent predictors for each gene. To test this approach for constructing gene regulatory networks, we have carried
out computational experiments using data from known gene response pathways including ionizing radiation and downstream
targets of inactivating gene mutations.
? 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

To understand the nature of cellular function, it
is necessary to study the behavior of genes in a
holistic rather than in an individual manner because
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the expressions and activities of genes are not iso-
lated or independent of each other [14]. Mathematical
and computational methods are being developed in
order to construct formal models of genetic interac-
tions. There have been a number of attempts to model
gene regulatory networks, including linear models
[26,45], Bayesian networks [20,27,39,40], neural net-
works [46], di9erential equations [38], and models
including stochastic components on the molecular
level [2,11,28,43]. In general, gene expression time
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trajectories can be modelled as random functions of
time [17]. The model system that has received the
most attention may be the Boolean network originally
introduced by Kau9man [22,34,35]. There are many
references applying this kind of network to genomic
analysis, such as [2,3,25,31,42]. The recent paper
[41] studies probabilistic Boolean networks (PBNs),
which provide insight and a conceptual framework
for an integrative view of genetic function and reg-
ulation. How to build PBNs from gene microarray
data remains an open problem. We consider the prob-
lem in a more general framework by not restricting
network functions to be binary valued.
The advantage of PBNs is that they naturally allow

one to incorporate prior biological knowledge [41].
Thus, if certain regulatory relationships are known to
exist, then the Boolean-function classes corresponding
to the genes in question can be constructed to reKect
this prior knowledge. In this paper, we Lrst investigate
the prior biological knowledge via an unsupervised
clustering algorithm by considering dependence and
independence in gene microarray data. Clustering has
been used in a number of studies to obtain a global, un-
supervised perspective on the similarity of expression
proLles [6,7,12,16,19,33]. Pertinent to our approach is
a study based on computing the mutual information
for all pairs of genes and then choosing a threshold
of the mutual information to create clusters of genes
encompassing those with mutual information higher
than the threshold [8]. Similar treatments are found in
[25,21,20]. These works are based on pair-wise mu-
tual information, and thus essentially only explore the
marginal distributions of the multi-dimensional data.
Here our clustering strategy is based on minimizing
the mutual information of the variables among clus-
ters, and hence it fully explores the underlying joint
probability distribution of the data. Upon completion
of the clustering, we can restrict our attention to con-
structing network functions for a gene in terms of the
other genes within its information-based cluster.
Since the current data revealing the structure of

the transcriptional regulation process is both limited
and noisy [10], the functions should not be overly
complex. We use a perceptron model consisting of a
linear and nonlinear component to estimate the pre-
dictors (functions) for each gene. A reversible-jump
Markov-chain-Monte-Carlo (MCMC) method is
adopted to perform the necessary computations. The

coe:cient of determination (CoD) [18] is employed
to select the di9erent predictors probabilistically.
As the Lrst step in constructing a gene regula-

tory network, the complexity of the expression data
is reduced by thresholding changes in transcript
level, for instance, into ternary expression data: −1
(down-regulated), +1 (up-regulated), or 0 (invari-
ant). When using multiple microarrays, the absolute
signal intensities vary extensively due to both the pro-
cess of preparing and printing the EST elements [9],
and the process of preparing and labelling the cDNA
representations of the RNA pools. This problem is
solved via internal standardization. An algorithm
Lrst calibrates the data internally to each microarray
and statistically determines whether the data justify
the conclusion that expression is down-regulated or
up-regulated [9]. We then build a network using the
clustering and prediction methodologies.
The paper is organized as follows. Section 2 de-

scribes the main problem and our proposed approach.
In Section 3, clustering analysis via mutual informa-
tion minimization is developed. In Section 4, predic-
tors used for gene regulatory networks are estimated
using a reversible jump MCMC method. In Section
5, the CoD is used for selecting predictors probabilis-
tically. Section 6 provides experimental results and
analysis. Section 7 gives conclusions.

2. Construction of probabilistic gene regulatory
networks

2.1. Probabilistic gene regulatory networks

A deterministic gene regulatory network G(V; F)
consists of a set V = {x1; : : : ; xn} of nodes represent-
ing genes and a list F = (f1; : : : ; fn) of functions,
where a function fi(xi1 ; : : : ; xik ) with inputs from spec-
iLed nodes xi1 ; : : : ; xik is assigned to each node xi. In
general, each node takes values from a Lnite set of
values (e.g., binary or ternary). The state or expres-
sion pattern  of the network is composed of the val-
ues of all nodes. The expression pattern  t+1 at time
t + 1 is determined by the functions in F from the
expression pattern  t at time t. Collectively, the states
of individual genes in the genome form a gene ac-
tivity proLle (GAP). Although there are a large num-
ber of possible GAPs, most functions have only a few
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essential variables [2,31,35]. To overcome the deter-
ministic rigidity of the above networks, the network
concept is extended to a probabilistic setting. The ba-
sic idea is to accommodate more than one possible
function for each node. Thus, to every node xi, there
corresponds a set

Fi = {f(i)
k }k=1; :::; l(i); i = 1; 2; : : : ; n; (1)

where each f(i)
k is a possible function determining the

value of gene xi and l(i) is the number of possible
functions for gene xi. The functions {f(i)

k } are also re-
ferred to as predictors. If there are N possible realiza-
tions, then there are N vector functions f1; f2; : : : ; fN of
the form fj = (f

(1)
j1 ; f(2)

j2 ; : : : ; f(n)
jn ), for j = 1; 2; : : : ; N ,

16 ji6 l(i) and wheref(i)
ji ∈Fi (i=1; : : : ; n). In other

words, the vector function fj acts as a transition func-
tion representing a possible realization of the entire
network. Let f =(f(1); f(2); : : : ; f(n)) be a random vec-
tor taking values in F1 × · · · × Fn. That is, f can take
on all possible realizations of the network. Then, the
probability that predictor f(i)

k , 16 k6 l(i), is used to
predict gene i is

c(i)k = P{f(i) = f(i)
k }=

∑
j:f(i)ji =f(i)k

P{f = fj}: (2)

Obviously,
∑l(i)

k=1 c(i)k = 1. Thus, a probabilistic gene
regulatory networkG(V; F) is deLned by a set of nodes
V={x1; : : : ; xn} and the list F=(F1; : : : ; Fn), where Fi

is deLned in (1). A network is said to be independent
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Fig. 1. A building block of a probabilistic gene regulatory network.

if f(1); f(2); : : : ; f(n) are probabilistically independent.
Unless otherwise mentioned, we will assume indepen-
dent networks. Fig. 1 illustrates a building block of a
probabilistic gene regulatory network. Assuming in-
dependence, N =

∏n
i=1 l(i) is the number of possible

network realizations. If l(i) = 1 for all i = 1; : : : ; n,
then N =1 and it reduces to the standard deterministic
network.

2.2. Problem statement

In a probabilistic gene regulatory network, for every
node xi, there are l(i) functions Fi= {f(i)

k }l(i)k=1, where
each f(i)

k is a possible function determining the value
of gene xi, and each function is chosen to determine xi
with probability c(i)k , k=1; 2; : : : ; l(i). In order to build
the network for gene xi, we implement the following
four steps:

(1) Determine l(i) and the input set of variables cor-
responding to function f(i)

k , k=1; 2; : : : ; l(i). This
is done by using a novel clustering technique
based on mutual information minimization. Sim-
ulated annealing is employed to solve the opti-
mization problem.

(2) Each f(i)
k is then modelled by a perceptron con-

sisting of a linear term and a nonlinear term. A
reversible jump MCMC technique is used to cal-
culate the model order and the parameters.

(3) The coe:cient of determination (CoD) [18]
is employed to compute the probabilities c(i)k ,
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k = 1; 2; : : : ; l(i), of selecting di9erent predictors
for gene i.

(4) When the data sample size is small, we can ad-
just the clustering result and the corresponding
predictors by a local search technique.

3. Gene clustering via mutual information
minimization

In the case of gene-expression microarrays, the data
are severely limited relative to the number of variables
in the system. Consequently, it is necessary to restrict
the number of variables over which a function is de-
Lned. Fortunately, most functions require only a few
essential variables [35].

3.1. Mutual information

The motivation for considering mutual information
is its capacity to measure a general dependence among
random variables. The main idea of this technique is to
identify a relatively small number of candidate parents
for each gene based on statistics such as correlation.
We then restrict our search to networks in which only
the candidate parents of a variable can be its parents,
resulting in a smaller search space in which we can
more e:ciently Lnd a good structure.
Shannon’s information theory provides a suitable

formalism for quantifying the above concepts. The en-
tropy of a gene expression pattern is a measure of the
uncertainty information content in that pattern. Given
a random vector X and its probability distribution
P(X = xi), i = 1; : : : ; Nx, where Nx is the number of
possible values X can take, the entropy is deLned as

H (X), −
Nx∑
i=1

P(X = xi) ln P(X = xi): (3)

Higher entropy for gene variables means that their
expression levels are more uniformly distributed. The
joint entropy of X and Y is a measure of the total
uncertainty contained in X and Y , and is deLned as

H (X ;Y),−
Nx∑
i=1

Ny∑
j=1

P(X = xi ;Y = yj)

×ln P(X = xi ;Y = yj); (4)

where Ny is the number of possible values Y can
take. The mutual information between X and Y is a
measure of information about X (or Y) contained in
Y (or X), and is given by

I(X ;Y), H (Y)− H (X |Y)
=H (X)− H (Y |X) (5)

= H (X) + H (Y)− H (X ;Y) (6)

=
Nx∑
i=1

Ny∑
j=1

P(X = xi ;Y = yj)

×ln P(X = xi ;Y = yj)
P(X = xi)P(Y = yj)

: (7)

It is known that mutual information is always
non-negative, i.e., I(X ;Y)¿ 0 [13]. In practice, the
probabilities in (7) are estimated by the corresponding
histograms, i.e.,

P(X = xi ;Y = yj) ∼= #(xi ; yj)
N

; (8)

P(X = xi) ∼= #(xi)
N

; (9)

P(Y = yj) ∼= #(yj)
N

; (10)

where N is the total number of samples, and #(xi)
denotes the number of occurrences of the xi.

3.2. Objective function

Suppose we are to partition the set of gene variables
into k disjoint subsets as V =X1 ∪X2 ∪ · · · ∪Xk . The
cost function is deLned as the sum of pair-wise mutual
information between any two subsets,

f(s) =
∑
i �=j

I(Xi;Xj); (11)

where s denotes a particular partition scheme. The
simulated annealing algorithm is employed to Lnd an
optimal partition scheme such that the cost function
attains the minimum, i.e.,

s∗ = argmin
s∈S

f(s); (12)

where S denotes the set of all possible k-partition
schemes. Finally, by varying the value of k, we can
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Lnd the number of clusters with the minimal mutual
information. Next we will give two algorithms to solve
the above optimization problem.

3.3. Optimization

The original simulated annealing algorithm [1] is
a computational modelling of the physical process
of annealing from metallurgical engineering, where a
molten metal is cooled in such a way as to reach the
minimal energy state possible at the Lnal temperature.
The basic procedure involves a cooling procedure, in
which a temperature parameter starts out high and is
gradually lowered until the system is frozen. At each
temperature, the state is perturbed many times, which
avoids the limitation of being initialization-dependent.
The algorithm moves to the next temperature in the
schedule until the system reaches thermal equilibrium
at that temperature on the basis of a decreasing energy
cost function.
Let s0; s1 denote two di9erent k-partition schemes

with cost values f(s0) and f(s1), respectively. Then
s1 is accepted from s0 according to the acceptance
probability:

P{accept s1}

=

{
1 if f(s1)6f(s0);

exp (−(f(s1)−f(s0))
T ) if f(s1)¿f(s0);

(13)

where T ∈R+ denotes the control parameter (temper-
ature factor). To generate a new partition s1 from s0,
we randomly select two clusters from s0 and then ran-
domly pick a gene variable from one cluster and put
it in the other cluster.
The basic simulated annealing procedure su9ers

from a very slow convergence, we therefore resort to
the fast annealing techniques [32]. The basic idea is
to run a set of � (� = k in our experiments) anneal-
ing procedures in parallel and to adjust the annealing
schedules adaptively. The initial temperature is set as
T = 10 in our experiments.

3.4. Determine the number of clusters

We set an upper bound K on the number of clus-
ters. For each k6K , we run the above simulated

annealing algorithm to Lnd the optimal partition sk .
The Lnal best gene clustering scheme is then given
by sk∗ , where k∗ = argmin26k6K f(sk). The set of
parent genes for each gene is obtained by the above
mutual information based clustering procedure. How-
ever, in gene microarray analysis, the histogram-based
probability estimates are imprecise because the sam-
ple size is small. Thus, it is not prudent to regard
this optimal partition-order k∗ as the Lnal partition or-
der. Moreover, if only one partition scheme sk∗ is re-
garded as the Lnal partition scheme, then each gene
only belongs to one set, meaning there is only one in-
Kuential gene set to predict each gene. But according
to Heyer et al. [29] and Shmulevich et al. [41], that
may not be true. Therefore, we choose several parti-
tion orders around k∗, and in particular, from the par-
tition sk∗−m1 ; : : : ; sk∗ ; : : : ; sk∗+m2 for some integers m1

and m2. Now let the corresponding clusters contain-
ing gene xi be C(i)

1 ; C(i)
2 ; : : : ; C(i)

l(i), l(i)6m1 +m2 + 1,

then it is natural to deLne the l(i) sets {X (i)
k }l(i)k=1 as in-

Kuencing sets for gene xi to be composed of the other
genes in C1; C2; : : : ; Cl(i). For the moment, let us pro-
ceed under this assumption. Later on we will make an
adjustment on this assumption.
In the next section, we adopt a new nonlinear model

to estimate the predictors (functions) for each gene. A
reversible jump Markov chain Monte Carlo (MCMC)
annealing method is adopted to perform the necessary
computations for parameter estimation.

4. Predictor construction using reversible jump
MCMC annealing

4.1. Predictor model

Based on the possible l(i) sets {X (i)
k }l(i)k=1, we

want to estimate the predictors f(i)
k : X (i)

k → yi,
k=1; : : : ; l(i) from the observations (in fact, yi should
be xi, but to describe the functions clearly we let yi

stand for xi). For notational convenience, we consider
a general formulation, f : X → y. We postulate a
multivariate-input, single-output mapping

yt = f(xt) + nt ; (14)

where xt ∈Rd is a set of input variables, yt ∈R is a
target variable, nt is a noise term, and t ∈{1; 2; : : :} is
an index variable over the data. The learning problem
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involves computing an approximation to the function
f and estimating the characteristics of the noise pro-
cess given a set of N input–output observations,

O= {x1; x2; : : : ; xN ;y1; y2; : : : ; yN}: (15)

Typical examples include regression, prediction and
classiLcation.
We consider the following family of regression

equations (the estimated predictor denoted by f̂):

M0 : yt = b+ �Txt + nt ; k = 0; (16)

MJ : yt =
J∑

j=1

aj!(‖xt − �j‖) + b+ �Txt + nt ;

16 J6 Jmax; (17)

where Jmax is an upper-bound on the number of non-
linear terms in (17);! is a radial basis function (RBF);
‖ · ‖ denotes a distance metric (usually Euclidean or
Mahalanobis); �j ∈Rd denotes the jth RBF center;
aj ∈R is the jth RBF coe:cient; b∈R; �∈Rd are the
linear regression parameters; and nt ∈R is assumed to
be i.i.d. noise. Depending on our a priori knowledge
about the smoothness of the mapping, we can choose
di9erent types of basis functions. Here the Gaussian
basis function is used, given by !(%) = exp(−#%2),
where # = 1 in our experiments. We express model
(17) in vector-matrix form as




y1

y2

...

yN




︸ ︷︷ ︸
,y

=




1 x1;1 · · · x1;d !(‖x1 − �1‖) · · ·!(‖x1 − �J‖)
1 x2;1 · · · x2;d !(‖x2 − �1‖) · · ·!(‖x2 − �J‖)
...

...
...

1 xN;1 · · · xN;d !(‖xN − �1‖) · · ·!(‖xN − �J‖)




︸ ︷︷ ︸
,D




b

$1

...

$d

a1

...

aJ




︸ ︷︷ ︸
,	

+




n1

n2

...

nN




︸ ︷︷ ︸
,n

; (18)

that is

y=D	 + n: (19)

The noise variance is assumed to be %2. We assume
here that the number J of RBFs and the parameters

�J , {�1; : : : ; �J ; %2; 	} are unknown. Given the data
set O in (15), our objective is to estimate J and �J ,
where �J ∈Rm ×R+ ×&J with m= 1 + d+ J ; that
is 	∈Rm; %2 ∈R+, and �∈&J , where

&J = {� = (�1; : : : ; �J ) ;

'j; i ∈
[
min

16l6N
xl; i − ’; max

16l6N
xl; i + ’

]
;

j = 1; : : : ; J ; i = 1; : : : ; d} : (20)

Here we set ’=0:5 in our experiments. The Bayesian
inference of J and �J is based on the joint posterior
distribution p(J;�J |O). Our aim is to estimate this
joint distribution from which, by standard probabil-
ity marginalization and transformation techniques, one
theoretically expresses all posterior features of inter-
est. It is not possible to obtain these quantities analyt-
ically, since this would require the evaluation of high
dimensional integrals of nonlinear functions in the pa-
rameters. Consequently, we propose to use an MCMC
method to perform Bayesian computation. The basic
idea of MCMC is to build an ergodic Markov chain
{J (i);�(i)

J ; i∈N} whose equilibrium distribution is
the desired joint posterior distribution p(J;�J |O).
The linear model (16) has been studied in [36].

Here, we extend the basic model to interpolate
the nonlinear terms as in (17). It is known that
the model (17) exhibits a universal approximation

property [5]. As noted in [36], a key problem with us-
ing the neural model for microarray prediction is its
imprecision when data sets are limited. In our pro-
posed approach, information-based clustering yields
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an initial partition so that only a part of the full gene
set is tied to a speciLc gene. We adaptively estimate
the nonlinear model-order J , which is adjusted to zero
if the data set is insu:cient to estimate the predictors.

4.2. Reversible jump Markov chain Monte Carlo
annealing

From model (19), given J; �1; : : : ; �J , the least-
squares estimate of 	 is given by

	̂ = [DTD]−1DTy: (21)

An estimate of %2 is then given by

%̂2 =
1
N
(y−D	̂)T(y−D	̂) = 1

N
yTP∗

J y; (22)

where

P∗
J , IN −D[DTD]−1DT: (23)

Based on the minimum description length (MDL) cri-
terion, we can impose the following a priori distribu-
tion on J [5],

P(J )˙ exp
[
−
(
J +

d+ 1
2

)
logN

]
: (24)

Assuming the noise samples are i.i.d. Gaussian, it can
then be shown that the joint posterior distribution of
(J; �1; : : : ; �J ) is given by [5]

p(J; �1; : : : ; �J )˙ [(yTP∗
J y)

−N=2]P(J ): (25)

Hence the maximum a posteriori (MAP) estimate
of these parameters is obtained by maximizing the
right-hand side of (25). This can be done by using
the reversible jump MCMC algorithm [24].
MCMC is a family of procedures for Bayesian com-

putations. The basic idea is to draw random samples
from a Markov chain, whose equilibrium distribution
is the target distribution. These samples are then used
to approximate the desired inference. The reversible
jumpMCMC algorithm is capable of jumping between
parameter spaces of di9erent dimensions [24]. Here
we employ a reversible jump MCMC algorithm [5]
to jointly estimate the model-order J (J6 Jmax) and
the RBF centers �1; : : : ; �J at each iteration. Note that
Jmax should be set as a small number when the number
of samples is very small. In this study, Jmax = �N=10
.

The initial values of �1; : : : ; �J are randomly chosen
according to (20). At each iteration, this algorithm
performs one of the following Lve possible operations:

(1) Birth jump: Let J ← J + 1, and update
�1; : : : ; �J+1.

(2) Death jump: Random drop one of the J RBF terms
in (17); let J ← J − 1, and update �1; : : : ; �J−1.

(3) Merge jump: Randomly choose one of the J RBF
terms (17), and merge it with its closest neighbor;
let J ← J − 1, and update �1; : : : ; �J−1.

(4) Split jump: Randomly choose one of the J RBF
terms (17), and split it into two neighbor RBF
terms; let J ← J + 1, and update �1; : : : ; �J+1.

(5) No jump: J remains unchanged; update �1; : : : ; �J .

Throughout the algorithm, the above Lve jumps are
performed with probabilities bJ , dJ , mJ , sJ , and uJ ,
respectively. We have bJ + dJ + mJ + sJ + uJ = 1
for all 06 J6 Jmax. In our experiments, we set bJ =
dJ = mJ = sJ = uJ = 0:2. At each iteration, after one
of the above jumps is selected, a Metropolis–Hasting
(MH) step is then followed to determine whether that
jump is accepted. That is, let the acceptance ratio for
the proposed jump be rjump, then the above jump is
accepted with probability min{1; rjump}. The detailed
calculation of the acceptance ratios for the di9erent
jumps are given in Appendix A. For the annealing
scheme, the initial temperature is set as T =10, and it
is reduced iteratively according to T ← 0:85T in our
experiments.

Example. We illustrate the performance of the above
prediction construction procedure for the following
model

yt = 1Txt + 2 exp(−‖xt‖2) + nt ; nt ∼N(0; 1);

where xt ∈Rd. We consider four cases: d=3, 5, 10,
and 20. In each case, each element of xt is indepen-
dently generated from a uniform distribution on [0; 1].
The total numbers of training and testing data are both
50. The results are given in terms of variance unex-
plained (PVU) [5,30], deLned by

PVU =
E[f̂(X)− f(X)]2

E[f(X)− Ef(X)]2 :
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Table 1
The PVU values of perceptron predictor and the proposed predictor

d Reversible Perceptron
jump MCMC

Training 3 0.0269 0.9221
Testing 3 0.0617 0.9527

Training 5 0.4930 0.9514
Testing 5 0.7909 1.0569

Training 10 0.9061 0.9621
Testing 10 1.0120 1.2027

Training 20 1.0300 1.0300
Testing 20 1.4569 1.4569

Table 1 shows the PVU values of two methods—
perceptron [36] and reversible jump MCMC anneal-
ing. The performance of the MCMC method is much
better than the perceptron when the data dimension
d is small. The performance of the two methods is
similar for larger values of d, in which case the pre-
diction performance is not good. A key problem with
using a complex model for microarray prediction is
that multiple-layer stochastic training can be very im-
precise when data sets are limited. Hence, we do not
Lx the nonlinear term in our model, and adaptively
estimate the model’s order. Comparatively, the per-
ceptron model is too simple to describe the com-
plex functions of gene interactions from the simulated
data.

5. Coe&cients of determination for predictors

A natural way to select a set of predictors for a
given gene is to employ the coe=cient of determi-
nation [17,36,41]. The CoD measures the degree
to which prediction of the transcription level of a
target gene is improved relative to the best possi-
ble prediction in the absence of observations. Let
xi be the target gene; X (i)

1 ;X (i)
2 ; : : : ;X (i)

l(i) be sets

of genes; and f(i)
1 ; f(i)

2 ; : : : ; f(i)
l(i) be function rules

such that f(i)
1 (X

(i)
1 ); f

(i)
2 (X

(i)
2 ); : : : ; f

(i)
l(i)(X

(i)
l(i)) are

optimal predictors of xi relative to some probabilis-
tic error measure -(xi; f

(i)
k (X

(i)
k )), which is deLned

as

-(xi; f
(i)
k (X

(i)
k )), E[|g(f̂(i)

k (X
(i)
k ))− xi|2];

i = 1; : : : ; n; k = 1; : : : ; l(i); (26)

where g is a {−1; 0; 1}-valued threshold function
[g(z) =−1 if z¡− 0:5, g(z) = 0 if −0:56 z6 0:5,
and g(z) = 1 if z¿ 0:5], and f̂(i)

k (X
(i)
k ) is estimated

by the reversible jump MCMC method developed in
Section 4 or the perceptron [36]. For each k, the CoD
for xi relative to the conditioning set X

(i)
k is deLned

by [41,44]

1i
k =

-i − -(xi; f
(i)
k (X

(i)
k ))

-i
;

i = 1; : : : ; n; k = 1; : : : ; l(i); (27)

where -i is the error of the best (constant) estimate of
xi in the absence of any conditional variables. In the
case of minimum mean-square error estimation, -i is
the error of the mean of xi, which is the best constant
estimate, i.e., -i = E[|xi − g(E(xi))|2].
In this study, we limited the number of parents of

each gene to be less than 10. However, if it happens
that there are more than 10 genes in some classes,
then we use a local optimal clustering algorithm to
re-cluster those sets or use the CoD technique directly.
Once a class of gene sets X (i)

1 ;X (i)
2 ; : : : ;X (i)

l(i) has been
selected, we take the designed approximations of the
optimal function rules f(i)

1 ; f(i)
2 ; : : : ; f(i)

l(i) as the rule

for gene xi with the probability of f
(i)
k being

c(i)k =
1(i)k∑l(i)
j=1 1(i)j

; i = 1; : : : ; n; k = 1; : : : ; l(i);

(28)

where the CoDs are the estimates formed from the
training data according to (27). Accordingly, those
functions corresponding to the highest CoDs will be
selected more often in the probabilistic network. The
number of chosen predictors, l(i) is selected in the
clustering stage.
After obtaining the possible l(i) sets {X (i)

k }l(i)k=1
for each gene xi, we can estimate the predictors
f(i)

k : X (i)
k → xi, k = 1; : : : ; l(i), using the reversible

jump MCMC annealing algorithm. The CoDs and the
probabilities {c(i)k } are estimated according to (27)
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and (28). Probabilistic gene regulatory network con-
struction is complete: for every node xi, we have a set
Fi = {f(i)

k }l(i)k=1 of l(i) functions, where each f(i)
k is a

possible function (with probability c(i)k ) determining
the value of gene xi.
The number l(i) of predictors is based on the

optimization of the number of clusters. Suppose
the clusters containing gene xi are C1; C2; : : : ; Cl(i).
Owing to the di:culty of estimating entropy with
small sample sizes, there is potential impreci-
sion in these clusters. Consequently, when sample
sizes are small, as they are in the application we
will show next, we will proceed in a more Kex-
ible manner in choosing the l(i) sets. Suppose
Ck = {xi; gk1; gk2; : : : ; gk; r(k)}, where r(k) is the num-
ber of genes in Ck besides xi. For j = 1; 2; : : : ; r(k),
form the sets {Ck; Ckj1; Ckj2; : : : ; Ck; j; s(k)}, where s(k)
is the number of genes not in Ck , by interchanging
gkj with each of the genes not in Ck . We then choose
f(i)

k to be the predictor with highest CoD from among
the predictors formed from Ckj1; Ckj2; : : : ; Ck; j; s(k),
j = 1; 2; : : : ; r(k). While this increases the computa-
tional burden of Lnding the predictors, it remains far
less than required by the full-search method.

6. Experimental results

The ability of the mutual-information clustering al-
gorithm and MCMC predictors to build probabilistic
gene regulatory networks based on the observations
in transcription level has been tested in the context
of responsiveness to genotoxic stresses. As a result
of a microarray study surveying transcription of 1238
genes during the response of a myeloid line to ioniz-
ing radiation [4], thirty genes not previously known
to participate in response to IR were found to be re-
sponsive. To further characterize the responsiveness
of these genes to genotoxic stresses, the responsive-
ness of a subset of 9 of them was examined by blot
assays in 12 cell lines stimulated with ionizing ra-
diation (IR), a chemical mutagen methane sulfonate
(MMS), or ultraviolet (UV). The cell lines were cho-
sen so that a sampling of both p53 proLcient and p53
deLcient cells would be assayed. By using the same
data set used for the initial studies concerning nonlin-
ear prediction in the context of genomic microarray

data [36,37], we are able to compare the results of the
proposed, information-MCMC approach with the pre-
viously obtained results. Here we relate some results
to [36], which considered both unconstrained and per-
ceptron predictors, and focused on design issues for
predictors, whereas [37] considered only perceptron
and focused on biological issues.
The ternary data of the survey (14 genes and 30

samples) are given in Table 2, where the conditions
IR, MMS, and UV have the values 1 or 0, depend-
ing on whether the condition is or is not in e9ect. To
maintain consistency with [36,37], we continue to em-
ploy the blind controls used in those studies, in which
expression patterns for two Lctitious genes were cre-
ated. Rules were made for the Lctitious genes depen-
dent on other gene states in the set, and the degrees
of concordance of the observations to the rules were
varied. AHA has the following rule: up-regulated if
p53 up-regulated, down-regulated if RCH1 and p53
down-regulated. Full concordance with the rule would
produce 15 instances of up regulation and Lve in-
stances of down regulation. The data set generated for
AHA includes 13 of the 15 up regulations and all 5
down regulations. The rule for OHO is: up-regulated
if MDM2 up-regulated and RCH1 down-regulated,
and down-regulated ifp53 down-regulated and REL-B
up-regulated. Full concordance with this rule would
produce four instances of up regulation and Lve in-
stances of down regulation. The data set generated for
OHO has the four expected up regulations plus seven
unpredicted up regulations, and only two of the Lve
predicted down regulations.
Tables 3–8 show the results of applying the clus-

tering algorithm to the ternary expression data in
Table 2. The optimal partition number is four, and
we select the k-partition schemes for k = 2 to 7.
From these tables, we can Lnd the possible par-
ents for each gene. For example, the possible par-
ents of gene x1 are {x2; x9}, {x2; x3; x9}, {x6; x8; x9},
{x3; x8; x9; x14}, {x2; x3; x4; x6; x7; x8; x9; x10} and
{x2; x3; x4; x6; x7; x8; x9; x14}; the possible parents of
gene x10 are {x3; x14}, {x2; x4; x6; x7}, {x1; x2; x3; x4; x6;
x7; x8; x9} and {x5; x11; x12; x13}; the possible parents
of gene x11 are {x5}, {x5; x14} and {x5; x10; x12; x13};
and the possible parents of gene x12 are {x13}, and
{x5; x10; x11; x13}. Note that the artiLcial gene AHA
(x13) has been deLned so that it is tightly coupled to
p53 (x12). This is reKected in the fact that AHA and
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Table 2
Ternary expression data [36]

Gene

Gene index x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13 x14

Cell line Condition RCH1 BCL3 FRA1 REL-B ATF3 IAP-1 PC-1 MBP-1 SSAT MDM2 p21 p53 AHA OHO

ML-1 IR −1 1 1 1 1 1 1 1 1 1 1 1 1 1
ML-1 MMS 0 0 0 0 1 0 0 0 0 1 1 1 1 0
Molt4 IR −1 0 0 1 1 0 1 0 0 1 1 1 1 1
Molt4 MMS 0 0 1 0 1 0 0 0 0 0 1 1 1 0
SR IR −1 0 0 1 1 1 1 1 0 1 1 1 1 1
SR MMS 0 0 0 0 1 0 0 0 0 1 1 1 1 0
A549 IR 0 0 0 0 0 0 0 0 0 1 1 1 0 0
A549 MMS 0 0 0 0 1 0 0 0 0 0 1 1 1 0
A549 UV 0 0 0 0 1 0 0 0 0 0 1 1 1 0
MCF7 IR −1 0 1 1 0 0 0 0 0 1 1 1 0 1
MCF7 MMS 0 0 1 0 1 0 0 0 0 1 1 1 1 0
MCF7 UV 0 0 1 1 1 0 0 0 0 1 1 1 1 0
RKO IR 0 1 0 1 1 1 1 0 0 1 1 1 1 0
RKO MMS 0 0 0 0 1 0 0 0 0 0 1 1 1 0
RKO UV 0 0 0 0 1 0 0 0 0 0 1 1 1 0
CCRF-CEM IR −1 1 1 1 1 0 1 0 0 0 0 −1 −1 0
CCRF-CEM MMS 0 0 0 0 1 0 0 0 0 0 0 −1 0 0
HL60 IR −1 1 0 1 1 0 1 0 1 0 1 −1 −1 −1
HL60 MMS 0 0 1 0 1 0 0 0 0 1 1 −1 0 1
K562 IR 0 0 0 0 0 0 0 0 0 0 0 −1 0 0
K562 MMS 0 0 0 0 1 0 0 0 0 0 0 −1 0 0
H1299 IR 0 0 0 1 0 0 1 0 0 0 0 −1 0 0
H1299 MMS 0 0 0 0 1 0 0 0 0 0 1 −1 0 1
H1299 UV 0 0 0 0 1 0 1 0 0 0 1 −1 0 1
RKO/E6 IR −1 1 0 1 0 1 1 0 0 0 0 −1 −1 0
RKO/E6 MMS −1 0 0 0 1 0 0 0 0 0 1 −1 −1 1
RKO/E6 UV −1 0 0 0 1 0 0 0 0 0 1 −1 −1 1
T46D IR 0 0 0 1 0 0 0 0 0 0 1 −1 0 −1
T46D MMS 0 0 0 0 1 0 0 0 0 0 1 −1 0 1
T46D UV 0 0 0 0 1 0 0 0 0 0 1 −1 0 1

Table 3
Results of two classes

Class-1 x5 x10 x11 x12 x13
ATF3 MDM2 p21 p53 AHA

Class-2 x1 x2 x3 x4 x6 x7 x8 x9 x14
RCH1 BCL3 FRA1 REL-B IAP-1 PC-1 MBP-1 SSAT OHO

p53 are in the same partition in each table. No cor-
responding phenomenon occurs for the artiLcial gene
OHO (x14), whose deLnition depends on four genes
and for which concordance with the rule is poor.

It is instructive to compare the results of the new
information-MCMC approach with those obtained by
using a full search restricted by a small number of pre-
dictor genes. To do so, we consider four target genes,
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Table 4
Results of three classes

Class-1 x12 x13
p53 AHA

Class-2 x5 x11 x14
ATF3 p21 OHO

Class-3 x1 x2 x3 x4 x6 x7 x8 x9 x10
RCH1 BCL3 FRA1 REL-B IAP-1 PC-1 MBP-1 SSAT MDM2

Table 5
Results of four classes

Class-1 x12 x13
p53 AHA

Class-2 x5 x11
ATF3 p21

Class-3 x1 x3 x8 x9 x14
RCH1 FRA1 MBP-1 SSAT OHO

Class-4 x2 x4 x6 x7 x10
BCL3 REL-B IAP-1 PC-1 MDM2

Table 6
Results of Lve classes

Class-1 x12 x13
p53 AHA

Class-2 x5 x11
ATF3 p21

Class-3 x2 x4 x7
BCL3 REL-B PC-1

Class-4 x3 x10 x14
FRA1 MDM2 OHO

Class-5 x1 x6 x8 x9
RCH1 IAP-1 MBP-1 SSAT

p53 (x12), p21 (x11), MDM2 (x10), and BCL3 (x2),
and we make some comparisons with results reported
in [36]. We will not focus extensively on the exact
numerical values obtained in [36] because there is a
slight di9erence in the way in which CoD estimation
is handled. In both studies, the CoD of a predictor is

Table 7
Results of six classes

Class-1 x10
MDM2

Class-2 x12 x13
p53 AHA

Class-3 x5 x11
ATF3 p21

Class-4 x4 x7
REL-B PC-1

Class-5 x6 x8 x14
IAP-1 MBP-1 OHO

Class-6 x1 x2 x3 x9
RCH1 BCL3 FRA1 SSAT

estimated using cross-validation among the 30 sam-
ples: 20 samples are randomly chosen for training, the
remaining 10 samples are used for test data, and this
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Table 8
Results of seven classes

Class-1 x10
MDM2

Class-2 x3
FRA1

Class-3 x12 x13
p53 AHA

Class-4 x5 x11
ATF3 p21

Class-5 x4 x7
REL-B PC-1

Class-6 x6 x8 x14
IAP-1 MBP-1 OHO

Class-7 x1 x2 x9
RCH1 BCL3 SSAT

is performed 1000 times to estimate the CoD. An is-
sue arises if -i, the error of the best (constant) esti-
mate of xi in the absence of any conditional variables,
has test error 0. This occurs when the random selec-
tion results in all test data having the value of the best
constant estimate. It can happen quite often when the
measurements for a speciLc gene change very little
across the samples. There needs to be an appropriate
re-deLnition of the CoD when it does. This is done
di9erently in the present study than in [36], and is ex-
plained in Appendix B.
It is known that p53 (x12) is inKuential, but not

determinative, of the up regulation of both p21 (x11)
and MDM2 (x10). Thus, some level of prediction of
p53 should be possible by a combination of these two
genes. This expectation is met with p21 and MDM2
combining with ATF3 (x5) and AHA (x13) as shown
in Table 9.
To fully interpret the results, we must recognize

that AHA is an artiLcial gene deLned to couple with
p53. This is evidenced in Table 9, which shows
that, acting alone as X (12)

1 , AHA predicts p53 with a
substantial CoD. Adjoining p21, MDM2, and ATF3
increases the MCMC CoD, whereas the perceptron
CoD is unchanged (the small variation in empirical
error being insigniLcant). We conjecture that the in-

crement is due to p21 and MDM2. One should not
be surprised to see the inclusion of a noninKuential
gene, such as we conjecture ATF3 to be, in predictor
sets. Not only is this inevitable when k is small, but
it also reKects the twin fact that not all related genes
are co-expressed and some unrelated genes have sim-
ilar expression patterns [29]. The key point is that
the set {p21; MDM2; ATF3; OHO} forms a good
predictor set for the probabilistic gene regulatory
network.
In [36], the following statement was made regard-

ing p21 (x11): “as p21 shows both p53 dependent and
p53 independent regulation in response to genomic
damage [23], it was expected that the p53 component
would not be recognized by the algorithm.” And it
was not. The algorithm chose {MDM2; ATF3} as the
best predictor set with perceptron CoD 0.356. In the
present study, although not having a high CoD itself,
p21 (x11) was recognized by the MCMC approach as
contributing to strong determination when combined
with other genes in Table 9. SpeciLcally, {p53; OHO}
has MCMC CoD 0:8044. The much lower CoD for
the corresponding perceptron indicates that the re-
lationship between {p53; OHO} and p21 is highly
nonlinear. In some nonlinear fashion, OHO, whose
deLnition involves p53 and MDM2, is working in
conjunction with p53 to provide strong prediction of
p21. The Table 9 also shows the four-gene predictor
set {p53; OHO;MDM2; ATF3}, for which theMCMC
CoD appears lower due to error estimation based on
such a small sample.
The biological expectation is thatMDM2 (x10) is in-

completely, but signiLcantly, predicted by p53 (x12).
As shown in Table 10, this expectation is met in
all sets, where selected predictor sets include p53.
It is useful to note the consistency of the result here
with that in [36], where p53 acting alone has CoD
0.473, and it was recognized that using more genes
in conjunction with p53 does not help. As discussed
in [36] (see also [15]), in the case of small samples
the addition of predictors can result in poor perfor-
mance on the test data because larger numbers of
predictors require larger samples to avoid overLt-
ting of the training data. Thus, in [36], whenever the
CoD of a predictor set is estimated to be less than
the CoD of a subset, the CoD of the predictor set is
assumed to the higher value (see [36] for relevant
statistical remarks). Mutual-information clustering
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Table 9
(a) Regulatory rules for gene x12 (p53)

Reversible jump MCMC Perceptron

Parent sets CoD c(12)l(12) CoD c(12)l(12)

X (12)
1 {x13} 0.5532 0.4764 0.5532 0.5051

X (12)
2 {x5; x10; x11; x13} 0.6080 0.5236 0.5421 0.4949

(b) Regulatory rules for gene x11 (p21)

Reversible jump MCMC Perceptron

Parent sets CoD c(11)l(11) CoD c(11)l(11)

X (11)
1 {x8} 0.1233 0.0752 0.1233 0.2813

X (11)
2 {x12; x14} 0.8044 0.4904 0.1117 0.2548

X (11)
3 {x5; x10; x12; x14} 0.7125 0.4344 0.2033 0.4639

Table 10
Regulatory rules for gene x10 (MDM2)

Reversible jump MCMC Perceptron

Parent sets CoD c(10)l(10) CoD c(10)l(10)

X (10)
1 {x12; x14} 0.3851 0.3463 0.3851 0.2326

X (10)
2 {x2; x4; x7; x12} 0.2492 0.2241 0.2441 0.2441

X (10)
3 {x1; x2; x3; x4; x6; x7; x9; x12} 0.1548 0.1392 0.1548 0.1548

X (10)
4 {x5; x11; x12; x13} 0.3230 0.2904 0.3230 0.3230

greatly reduces the computational burden, thereby
allowing larger predictor sets that potentially possess
greater CoDs; however, it might result in underes-
timation of the CoD owing to small samples. Since
computation of single-predictor CoDs is not bur-
densome, one can use those values as minima when
making estimates using mutual-information cluster-
ing and MCMC. Moreover, since computation of
two-predictor CoDs is not overly burdensome (even
for several hundred genes), one might also separately
compute all of those. If this is done using perceptron
prediction, then one is assured that MCMC predic-
tion with more genes has at least as high a CoD,
even though that might not be reKected in a small
sample.
Lastly, we consider BCL3 (x2), which was shown to

be strongly predicted by various predictor sets in [36]

and for which the highest unconstrained (full-logic)
predictor had CoD 0:655 with genes RCH1 (x1),
SSAT (x9), and p21 (x11). As seen in Table 11,
{RCH1; SSAT; p21} is one of the parent sets found
by our approach, and it has MCMC CoD 0:6256. Note
also in the table the parent set {RCH1; SSAT}, which
is a subset of {RCH1; SSAT; p21}. Also note the last
set in the table. It contains RCH1 and SSAT , but it
achieves a high CoD using 8 genes, something that
would not have been accomplished were we restricted
to 3 or 4 predictor genes.

7. Conclusions

In this study, we have developed a procedure
for constructing gene regulatory networks, e.g.,
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Table 11
Regulatory rules for gene x2 (BCL3)

Reversible jump MCMC Perceptron

Parent sets CoD c(2)l(2) CoD c(2)l(2)

X (2)
1 {x1; x9} 0.4096 0.1735 0.4104 0.1872

X (2)
2 {x1; x9; x11} 0.6256 0.2650 0.4556 0.2078

X (2)
3 {x4; x9} 0.3628 0.1537 0.3611 0.1647

X (2)
4 {x4; x6; x9; x10} 0.3578 0.1516 0.3578 0.1632

X (2)
5 {x1; x3; x4; x6; x7; x8; x9; x14} 0.6047 0.2562 0.6072 0.2770

probabilistic gene regulatory networks, using the fol-
lowing approach. First, the number of possible parent
gene sets and the input set of variables corresponding
to each gene are determined via a novel clustering
technique based on mutual information minimization,
with simulated annealing being employed to solve
the optimization problem. Second, each function is
then modelled by a perceptron consisting of a linear
term and a nonlinear term. A reversible jump Markov
chain Monte Carlo (MCMC) method is used to cal-
culate the model order and the parameters. Finally,
the coe:cient of determination is employed to com-
pute the probability of selecting di9erent predictors
for each gene. To test this approach for constructing
probabilistic gene regulatory networks, we have ap-
plied our approach to microarray data from known
gene response pathways including ionizing radia-
tion and downstream targets of inactivating gene
mutations.

Appendix A. Operations in the reversible jump
MCMC annealing algorithm

Suppose that the current state of the Markov chain
is in (J;�J ).

Birth jump
• Propose a new RBF center randomly from the in-
terval in (20).

• Compute

rbirth =

[(
yTP∗

J y
yTP∗

J+1y

)N=2
]

1:5d
N (J + 1)

;

where P∗
J is given in (23).

• If u ∼ U[0;1)6min (1; rbirth) then the state be-
comes (J + 1; �1; : : : ; �J+1), otherwise it remains
unchanged.

Death jump
• Randomly remove one of the J RBF terms in (17).
• Compute

rdeath =

[(
yTP∗

J y
yTP∗

J−1y

)N=2
]

J
1:5dN

:

• If u ∼ U[0;1)6min{1; rdeath} then the state be-
comes (J − 1; �1; : : : ; �J−1), otherwise it remains
unchanged.

Split jump
• Randomly choose one of the J RBF terms.
• Replace it by two RBF terms as �1 = � − u: and
�2 = �+ u:, where : is a constant (:= 0:01 in our
experiments) and u ∼ U[0;1]. The new centers must
lie in the space &k in (20).
• Compute

rsplit =

[(
yTP∗

J y
yTP∗

J+1y

)N=2
]

J:
N (J + 1)

:
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• If u ∼ U[0;1)6min {1; rsplit} then the state be-
comes (J + 1; �1; : : : ; �J+1), otherwise it remains
unchanged.

Merge jump
• Randomly choose one of the J RBF term, say �1.
Then Lnd its closet neighbor, say �2.

• If ‖�1 − �2‖¡ 2:, replace the two RBF terms by
a single RBF term � = (�1 + �2)=2.

• Compute

rmerge =

[(
yTP∗

J y
yTP∗

J−1y

)N=2
]

J
:N (J − 1) :

• If u ∼ U[0;1)6min{1; rmerge} then the state be-
comes (J − 1; �1; : : : ; �J−1), otherwise it remains
unchanged.

No jump

For j = 1; 2; : : : ; J
• Draw a sample u ∼ U[0;1);
• If u¡ 0:5

◦ Randomly sample a RBF center �?j from a
Lxed initial interval in (20).

◦ Compute rupdate = ( y
TP∗

J y
yTP?

J y
)N=2, where P?

J

is similar to P∗
J with {�i}Ji=1 replaced by

{�1; �2; : : : ; �j−1; �?j ; �j+1; : : : ; �J}.
◦ If < ∼ U[0;1)6min{1; rupdate} then the state
becomes (J; �1; : : : ; �j−1; �

?
j ; �j+1; : : : ; �J ),

otherwise it remains unchanged.
• If u¿ 0:5

◦ Randomly sample a RBF center �?j from the
distribution �?j |�j ∼N(�j; 0:001Id).

◦ Compute

rupdate =
(
yTP∗

J y
yTP?

J y

)N=2

:

◦ If < ∼ U[0;1)6min{1; rupdate} then the state
becomes (J; �1; : : : ; �j−1; �

?
j ; �j+1; : : : ; �J ),

otherwise it remains unchanged.

Appendix B. CoD estimation

The CoD must be redeLned when the error of the
best constant predictor is 0 for a random data split

during cross-validation estimation of the CoD. Let e0
denote this error and eopt denote the error of the opti-
mal predictor, so that the CoD is given by

1=
e0 − eopt

e0
: (29)

If e0=0, this deLnition is invalid. To redeLne the CoD
in this case, we employ two pieces of prior knowl-
edge concerning the theoretical values that should be
applied:

eopt6 e0; (30)

and

e0¿ 0: (31)

The second condition in (31) holds because we only
consider genes that change across the samples. Let us
now reconsider the four possibilities for the empirical
values:

(1) 0¡eopt6 e0: We do not use the prior knowl-
edge, and the CoD deLnition applies directly.

(2) 0¡e0¡eopt: We employ the condition in (30)
and set eopt = e0. Then 1 = 0 according to the
original deLnition.

(3) e0=eopt=0:We employ the condition in (31) and
set e0 = z, where z is an unknown small positive
number. Then 1 = 1 according to the original
deLnition.

(4) 0 = e0¡eopt: By the condition in (31), we set
e0 = z, as in the previous case, so that

1=
z − eopt

z
: (32)

We now let z → 0 (which could have been done
in the previous case but was unnecessary because
the quotient reduced to case 1). As z → 0, it
will become less than eopt, in which case, by the
condition in (30), we set eopt = z, so that 1 = 0
for very small z. Hence the limit yields 1= 0.

The di9erence between this redeLnition and that taken
in [36] is that there, the CoD was set to 0 in the third
case, e0 = eopt = 0.
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